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hQ EiD- GBK M/ Mśb-
7Q` `2KBM/BM; K2 Q7 i?2 K2`Bib Q7 bBKTHB+Biv-
7Q` +`2iBM; Q`/2` Qmi Q7 i?2 +?Qb `QmM/ vQm-
M/ 7Q` Hrvb KFBM; Kv /v rBi?  bKBH2X
#bi`+i
AM i?Bb i?2bBb- irQ 7KBHB2b Q7 biQ+?biB+ BMi2`+iBM; T`iB+H2 bvbi2Kb- i?2
BMi2`+iBM; "`QrMBM KQiBQMb M/ i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b- `2 /2@
}M2/ b 2ti2MbBQMb Q7 .vbQMǶb "`QrMBM KQiBQM KQ/2Hb M/ i?2 2B;2MpHm2
T`Q+2bb2b Q7 i?2 qBb?`i M/ G;m2``2 T`Q+2bb2bX h?Bb Bb +?B2p2/ #v +QMbB/@
2`BM; i?2 T`K2i2` β 7`QK `M/QK Ki`Bt i?2Q`v b  `2H TQbBiBp2 MmK#2`X
h?2b2 bvbi2Kb +QMbBbi Q7 b2p2`H T`iB+H2b r?B+? 2pQHp2 b BM/BpB/mH "`Qr@
MBM KQiBQMb M/ "2bb2H T`Q+2bb2b- M/ i?i `2T2H KmimHHv i?`Qm;?  HQ;@
`Bi?KB+ TQi2MiBHX h?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b
`2 `2HBx2/ b bT2+BH +b2b Q7 .mMFH T`Q+2bb2b- r?B+? `2  #`Q/ 7KBHv Q7
KmHiBp`Bi2 biQ+?biB+ T`Q+2bb2b /2}M2/ #v mbBM; i?2 /Bz2`2MiBH@/Bz2`2M+2
QT2`iQ`b FMQrM b .mMFH QT2`iQ`bX PM2 Q7 i?2 iQQHb T`QpB/2/ #v .mMFH
QT2`iQ` i?2Q`v- i?2 BMi2`irBMBM; QT2`iQ`- `2Hi2b bTiBH T`iBH /2`BpiBp2b
rBi? .mMFH QT2`iQ`bX Ai HbQ KTb KmHiB/BK2MbBQMH "`QrMBM KQiBQMb BMiQ
.mMFH T`Q+2bb2b- #mi Bib 2tTHB+Bi 7Q`K Bb mMFMQrM BM ;2M2`HX h?2`27Q`2- i?2
T`QT2`iB2b Q7 HH ivT2b Q7 .mMFH T`Q+2bb2b +M #2 2tKBM2/ #v bim/vBM; i?2
+?`+i2`BbiB+b Q7 i?2 BMi2`irBMBM; QT2`iQ`X AM i?Bb i?2bBb- i?2 bi2/v bii2
mM/2` M TT`QT`Bi2 b+HBM; M/ M/ i?2 7`22xBM; Uβ →∞V `2;BK2 Q7 i?2 BM@
i2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b `2 bim/B2/- M/ Bi Bb T`Qp2/
i?i i?2 b+H2/ bi2/v@bii2 /Bbi`B#miBQMb Q7 i?2b2 T`Q+2bb2b +QMp2`;2 BM }MBi2
iBK2 iQ i?2 2B;2MpHm2 /Bbi`B#miBQMb Q7 i?2 β@>2`KBi2 M/ β@G;m2``2 2Mb2K@
#H2b Q7 `M/QK Ki`B+2bX JQ`2Qp2`- Bi Bb b?QrM i?i i?2 b+H2/ }MH TQbBiBQMb
Q7 i?2 T`iB+H2b BM i?2b2 T`Q+2bb2b #2+QK2 }t2/ i i?2 x2`Q2b Q7 i?2 >2`KBi2
M/ G;m2``2 TQHvMQKBHb BM i?2 7`22xBM; HBKBiX h?2b2 `2bmHib `2 Q#iBM2/ b
i?2 +QMb2[m2M+2 Q7 irQ KQ`2 ;2M2`H `2bmHib T`Qp2/ BM i?Bb i?2bBbX h?2 }`bi
Bb i?i .mMFH T`Q+2bb2b BM ;2M2`H +QMp2`;2 BM }MBi2 iBK2 iQ  b+H2/ bi2/v@
bii2 /Bbi`B#miBQM i?i QMHv /2T2M/b QM i?2 ivT2 Q7 .mMFH T`Q+2bb +QMbB/2`2/X
h?2 b2+QM/ Bb i?i BM i?2 7`22xBM; HBKBi- i?2B` b+H2/ }MH TQbBiBQM Bb }t2/ iQ
 b2i Q7 TQBMib +HH2/ i?2 T2F b2i- r?B+? Bb i?2 b2i Q7 TQBMib r?B+? KtBKBx2b
i?2B` bi2/v@bii2 /Bbi`B#miBQMX AM Q`/2` iQ Q#iBM i?2b2 `2bmHib- T`2pBQmbHv
mMFMQrM `2HiBQMb BMpQHpBM; i?2 BMi2`irBMBM; QT2`iQ` `2 /2`Bp2/ 7Q` .mMFH
T`Q+2bb2b BM ;2M2`H- M/ BM i?2 +b2 Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
M/ "2bb2H T`Q+2bb2b- i?2 2z2+i Q7 i?2 BMi2`irBMBM; QT2`iQ` QM bvKK2i`B+
TQHvMQKBHb Bb /2`Bp2/X
+FMQrH2/;K2Mib
A rQmH/ HBF2 iQ 2tT`2bb Kv ;`iBim/2 iQr`/ HH i?Qb2 T2QTH2 r?Q- BM QM2
rv Q` MQi?2`- K/2 i?Bb i?2bBb TQbbB#H2X q?BH2 i?Bb rQ`F Bb BMi2M/2/ iQ
#2 i?2 7`mBi Q7 Kv BM/BpB/mH 2zQ`ib- Bi rQmH/ ?p2 #22M BKTQbbB#H2 7Q` K2
iQ `2+? i?Bb TQBMi rBi?Qmi i?2 ?2HT Q7 HH i?Qb2 r?Q ;p2 K2 i?2B` bmTTQ`i
i?`Qm;?Qmi Kv iBK2 b  ;`/mi2 bim/2MiX
6B`bi M/ 7Q`2KQbi- A rQmH/ HBF2 iQ 2tT`2bb Kv ;`iBim/2 iQ S`Q72bbQ`b
a2BDB JBvb?Bi M/ JFQiQ EiQ`BX A +QmH/ ?p2 M2p2` `2+?2/ i?Bb bi;2 BM
Kv +`22` rBi?Qmi i?2B` ?2HT M/ ;mB/M+2X 6Q` HH i?2 bmTTQ`i- /pB+2 M/
FMQrH2/;2 i?2v ?p2 ;Bp2M K2- A K 7Q`2p2` ;`i27mHX
a2+QM/Hv- A rQmH/ HBF2 iQ i?MF S`Q72bbQ`b umiF JibmQ- ibmQ EmMB#-
hQKQ?B`Q abKQiQ M/ hQKBQ EQ#vb?B 7Q` i?2B` BMbB;?i M/ +QKK2Mib QM
i?Bb rQ`FX AM T`iB+mH`- A rQmH/ HBF2 iQ i?MF S`Q72bbQ` LQKB+?B >iMQ
7Q` ?Bb /2iBH2/ `2/BM; Q7 i?Bb KMmb+`BTi- r?B+? ?b +QMi`B#mi2/ ;`2iHv iQ
Bib BKT`Qp2K2MiX
A rQmH/ HbQ HBF2 iQ i?MF i?2 K2K#2`b Q7 i?2 JBvb?Bi `2b2`+? ;`QmT
r?Q b?`2/ i?2B` iBK2 rBi? K2 BM i?2 Hbi i?`22 v2`bX Ai rb  `2H T`BpBH2;2 iQ
#2 BM i?2 +QKTMv Q7 .`X aBiQ- .`X JQ?Fm/- .`X JibmB- J`X EKibmF-
J`X LF/- J`X a?B`B- J`X 1M/Q M/ J`X 6miKBX AM T`iB+mH` A rQmH/
HBF2 iQ i?MF .`X hFb?B JQ`B 7Q` i?2 iBK2 ?2 ;p2 K2 7Q` /Bb+mbbBQMb M/
7Q` ?Bb b?`T BMbB;?ib QM T?vbB+b M/ Ki?2KiB+bX HbQ- A 2ti2M/ Kv i?MFb
iQ i?2 b2+`2i`B2b Q7 JBvb?Bi ;`QmT- J`bX >B`QKB PFmxr M/ JbX E2BFQ
ub?BK 7Q` HH Q7 i?2B` ?2HT M/ bmTTQ`i i?`Qm;?Qmi i?2b2 v2`bX
h?MFb iQ .`X JB+?H >D/mȒ2F- A ?/ M 2t+mb2 iQ ?p2  Hm;? M/ M
2bT`2bbQ 2p2`v 7i2`MQQMX A K i`2K2M/QmbHv ;`i27mH 7Q` ?Bb /pB+2 M/ ?Bb
KQ`H bmTTQ`i /m`BM; bQK2 Q7 Kv ?`/2bi i`BHb b  /Q+iQ`i2 bim/2MiX
6BMHHv- A rQmH/ HBF2 iQ i?MF Kv 7`B2M/b M/ 2ti2M/2/ 7KBHv- r?Q BM
i?2B` QrM rv ?p2 2M+Qm`;2/ K2 BM bTBi2 Q7 i?2 /BbiM+2- M/ BM T`iB+mH`
Kv rB72 M/ +?BH/`2M- r?Q ?p2 Hrvb bmTTQ`i2/ K2 BM 7QHHQrBM; Kv /`2KbX
h?2 mi?Q` rb bmTTQ`i2/ #v i?2 JQM#mF;Fmb?Q, J1sh b+?QH`b?BT
7Q` 7Q`2B;M ;`/mi2 bim/2Mib M/ #v i?2 1H2K2Mib ai`i2;v AMBiBiBp2 *2Mi2`
7Q` J;M2iB+ Ji2`BHbX
R
*QMi2Mib
GBbi Q7 6B;m`2b 9
GBbi Q7 h#H2b e
R AMi`Q/m+iBQM d
RXR JQiBpiBQM 7`QK `M/QK Ki`Bt i?2Q`v BM T?vbB+b X X X X X X X d
RXk .mMFH T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RXj JBM `2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9
k .mMFH QT2`iQ` i?2Q`v M/ .mMFH T`Q+2bb2b Re
kXR _QQi bvbi2Kb X X X X X X X X X X X X X X X X X X X X X X X X X X X Re
kXk .mMFH QT2`iQ`b X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
kXj .mMFH T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X RN
kX9 .mMFHǶb BMi2`irBMBM; QT2`iQ` X X X X X X X X X X X X X X X X X X k8
kX8 h?2 .mMFH F2`M2H X X X X X X X X X X X X X X X X X X X X X X X X X kd
kXe h?2 .mMFH i`Mb7Q`K X X X X X X X X X X X X X X X X X X X X X X X k3
kXd _2T`2b2MiiBQMb Q7 i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv X X X X X k3
j *Q``2bTQM/2M+2 rBi? i?2 *HQ;2`Q@JQb2` bvbi2Kb jR
jXR S`QQ7 Q7 i?2 +Q``2bTQM/2M+2 X X X X X X X X X X X X X X X X X X X jR
jXk h?2 bi2/v bii2 X X X X X X X X X X X X X X X X X X X X X X X X X j9
jXj h?2 7`22xBM; `2;BK2- T2F b2ib M/ 62F2i2 TQBMib X X X X X X X X j8
9 ai2/v@bii2 BM M `#Bi``v `QQi bvbi2K jd
9XR .2}MBiBQM Q7 i?2 bi2/v bii2 X X X X X X X X X X X X X X X X X X jd
9Xk a2iiBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y
9Xj a2imT 7Q` i?2 T`QQ7 Q7 h?2Q`2K 9XkXR X X X X X X X X X X X X X X 9R
9X9 S`QQ7 Q7 h?2Q`2K 9XkXR X X X X X X X X X X X X X X X X X X X X X X 98
8 6`22xBM; `2;BK2 BM M `#Bi``v `QQi bvbi2K 8R
8XR a2iiBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
k
8Xk h?2 .mMFH F2`M2H BM i?2 7`22xBM; `2;BK2 X X X X X X X X X X X X 8j
8Xj ai2/v@bii2 /Bbi`B#miBQM b β →∞ X X X X X X X X X X X X X X X ej
8X9 S`QQ7 Q7 h?2Q`2K 8XRXR X X X X X X X X X X X X X X X X X X X X X X ee
e GBKBiBM; `2;BK2b 7Q` i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/
"2bb2H T`Q+2bb2b e3
eXR aii2K2Mi Q7 `2bmHib M/ MmK2`B+H 2pB/2M+2 X X X X X X X X X X e3
eXRXR aBKmHiBQMb Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb X X X dy
eXRXk aBKmHiBQMb Q7 i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b X X X X X dj
eXk h?2 BMi2`irBMBM; QT2`iQ` 7Q` bvKK2i`B+ TQHvMQKBHb X X X X X de
eXkXR .2`BpiBQM X X X X X X X X X X X X X X X X X X X X X X X X X dd
eXkXk AMi2`irBMBM; QT2`iQ`b BM i?2 HBKBiBM; `2;BK2b X X X X X 39
eXkXj GBKBiBM; `2;BK2b Q7 i?2 :2M2`HBx2/ "2bb2H 7mM+iBQMb X 3e
eXj .2`BpiBQM Q7 T`QTQbBiBQMb eXRXR M/ eXRXk X X X X X X X X X X X X 33
eXjXR ai2/v@bii2 T`i X X X X X X X X X X X X X X X X X X X X X 33
eXjXk β →∞ M/ ν →∞ `2;BK2b X X X X X X X X X X X X X X X N9
d amKK`v Q7 `2bmHib M/ 7mim`2 T`QbT2+ib Rye
 S`QQ7 Q7 i?2 F2`M2H@`2T`Q/m+BM; 7Q`KmH RyN
XR S`2T`iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X RyN
Xk S`QQ7 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR8
"B#HBQ;`T?v RRd
j
GBbi Q7 6B;m`2b
RXRXR .vMKB+H M/ +QMiBMmQmb@i2KT2`im`2 2ti2MbBQMb Q7 i?2 :mb@
bBM M/ qBb?`i 2Mb2K#H2bX h?2 #QiiQK `B;?i +Q`M2` ?b MQ
FMQrM Ki`Bt@pHm2/ 7Q`KmHiBQMX X X X X X X X X X X X X X X X X Rk
kXjXR 1tKTH2 Ti? Q7  .mMFH T`Q+2bb QM i?2 `QQi bvbi2K A2X PM
i?2 H27i T`i Q7 i?2 };m`2- i?2 T`Q+2bb +QKTH2i2b i?2 #Hm2 Ti?
#27Q`2 KFBM;  DmKT- M/ +QMiBMm2b KQpBM; HQM; i?2 `2/
Ti? BM  /Bz2`2Mi `2;BQM Q7 bT+2X PM i?2 `B;?i T`i Q7 i?2
};m`2- i?2 `/BH Q` +QMiBMmQmb T`i Q7 i?2 T`Q+2bb Bb Q#iBM2/
#v TTHvBM; i?2 bK2 `2~2+iBQM i?i T`QpQF2/ i?2 DmKT Uσα
BM i?Bb +b2V- #`BM;BM; i?2 T`Q+2bb #+F iQ i?2 2M/ Q7 i?2 #Hm2
+m`p2 M/ 7Q`+BM; Bi iQ /2b+`B#2  +QMiBMmQmb +m`p2X h?2 r2/;2
QM i?2 H27i bB/2 Q7 #Qi? bB/2b Q7 i?2 };m`2 Bb i?2 q2vH +?K#2`
C BM i?Bb +b2X X X X X X X X X X X X X X X X X X X X X X X X X X X X ky
eXRXR aBKmHi2/ /2MbBiv Q7 i?`22 BMi2`+iBM; "`QrMBM KQiBQMb 7Q`
β = 2 i p`vBM; iBK2 /m`iBQMb t- rBi? }MH TQbBiBQMb b+H2/
/QrM #v  7+iQ` Q7√βt = √2tX h?2 #H+F bQHB/ HBM2 `2T`2b2Mib
i?2 2t+i /2MbBiv r?2M HH T`iB+H2b bi`i i i?2 Q`B;BMX X X X X dR
eXRXk .2MbBiv Q7 b2p2M BMi2`+iBM; "`QrMBM KQiBQMb 7Q` p`BQmb pH@
m2b Q7 β i t = 1- rBi? }MH TQbBiBQMb b+H2/ /QrM #v  7+iQ`
Q7 √βt = √βX h?2 p2`iB+H HBM2b `2T`2b2Mi i?2 x2`Q2b Q7 H7(x). dk
eXRXj .2MbBiv Q7 i?`22 BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` t = 1 M/ R9
i β = 2 M/ ν = 1/2- rBi? }MH TQbBiBQMb b+H2/ /QrM #v
 7+iQ` √βt = √2tX h?2 bQHB/ #H+F HBM2 /2TB+ib i?2 2t+i
/2MbBiv r?2M HH T`iB+H2b bi`i i i?2 Q`B;BMX X X X X X X X X X X d9
eXRX9 .2MbBiv Q7 b2p2M BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` p`BQmb pHm2b
Q7 β i t = 1 M/ ν = 1/2- rBi? }MH TQbBiBQMb b+H2/ /QrM #v
 7+iQ` Q7 √βt = √βX h?2 p2`iB+H HBM2b `2T`2b2Mi i?2 x2`Q2b
Q7 L(0)7 (x). X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d8
9
eXRX8 .2MbBiv Q7 b2p2M BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` p`BQmb pHm2b
Q7 ν i t = 1/2 M/ β = 2- rBi? }MH TQbBiBQMb b+H2/ /QrM
#v  7+iQ` Q7 √βνt = √νX X X X X X X X X X X X X X X X X X X X X de
eXkXR 6B`bi `Qr, 2z2+i Q7 i?2 BMi2`irBMBM; QT2`iQ` Q7 ivT2 A2 QM i?2
2[miBQM βm2(x) = β
∑3
i=1 x
2
i = 1X a2+QM/ `Qr, 2z2+i Q7 i?2
BMi2`irBMBM; QT2`iQ` Q7 ivT2 B3 QM i?2 2[miBQM β2m2[(x)2] =
β2
∑3
i=1 x
4
i = 1 rBi? ν = 1/2X X X X X X X X X X X X X X X X X X X 3j
8
GBbi Q7 h#H2b
kXR q2B;?i 7mM+iBQM wβ(x)- i?2 bmK Q7 KmHiBTHB+BiB2b γ- MQ`KH@
BxiBQM +QMbiMi cβ M/ q2vH +?K#2` C 7Q` i?2 BMi2`+iBM;
"`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2bX >2`2- x ∈ RN - M/
cβ Bb ;Bp2M #v i?2 a2H#2`; BMi2;`Hb (j9- TX jkR)X X X X X X X X X jy
eXR aQK2 bT2+BH +b2b Q7 i?2 C+F TQHvMQKBHbX h?2 Ki`B+2b BM
i?2 i?B`/ +QHmKM `2Hi2 i?2 TQHvMQKBHb Q7 i?2 b2+QM/ +QHmKM
rBi? i?2 KQMQKBH bvKK2i`B+ TQHvMQKBHb b BM 1[X UeXkX9VX X d3
e
*?Ti2` R
AMi`Q/m+iBQM
RXR JQiBpiBQM 7`QK `M/QK Ki`Bt i?2Q`v
BM T?vbB+b
h?2 iQTB+ Q7 `M/QKKi`Bt i?2Q`v TBQM22`2/ BM Mm+H2` T?vbB+b #vqB;M2`
(R) Bb  rB/2Hv bim/B2/ bm#D2+i i?i ?b b22M ;`2i ;`Qri? BM i?2 Hbi /2+/2b
Ub22- 2X;X- (k) 7Q`  ?BbiQ`B+H `2pB2rVX h?2 TTHB+iBQMb BM T?vbB+b Q7 i?Bb
i?2Q`v ?p2 2tTM/2/ iQ `2b bm+? b k. [mMimK ;`pBiv (j)- bi`BM; i?2@
Q`v (9- 8- e)- [mMimK +?`QKQ/vMKB+b UZ*.V (d- 3- N)- [mMimK rB`2b M/
[mMimK /Qib (Ry- RR- Rk- Rj- R9)- `2bQMM+2 b+ii2`BM; (R8)- [mMimK M/
+HbbB+H QTiB+b (Re- Rd)- [mMimK 2MiM;H2K2Mi (R3)- iQTQHQ;B+H BMbmHiQ`b
(RN)- /B`2+i2/ TQHvK2`b (ky- kR- kk)- `M/QK ;`Qri? KQ/2Hb (kj- k9- k8- ke)-
M/ [mMimK +?Qb M/ ;`T?b (kd- k3- kN) KQM; KMv Qi?2`bX _M/QK
Ki`Bt i?2Q`v ?b HbQ #22M TTHB2/ BM b2p2`H }2H/b QmibB/2 Q7 T?vbB+b- bm+?
b rB`2H2bb +QKKmMB+iBQMb (jy)- Ki?2KiB+H }MM+2 (jR) M/ _L 7QH/BM;
(jk)X q?BH2 KQbi Q7 i?2 TTHB+iBQMb Q7 `M/QK Ki`Bt i?2Q`v `2 i?2Q`2iB+H-
i?2`2 ?p2 #22M Q#b2`piBQMb Q7 i?2 biiBbiB+H T`QT2`iB2b Q7 `M/QK Ki`B+2b
BM i?2 BMi2`7+2 ;`Qri? Q7 HB[mB/ +`vbiHb mM/2`;QBM;  T?b2 i`MbBiBQM (jj)X
"v /2}MBiBQM- `M/QK Ki`B+2b `2 Ki`B+2b r?Qb2 +QKTQM2Mib `2 `M@
/QK p`B#H2b M/ r?B+? Q#2v +2`iBM bvKK2i`B2b /2T2M/BM; Q7 i?2 T?vbB+H
bBimiBQM BM r?B+? i?2v `2 iQ #2 TTHB2/ (j9)X h?2 KBM B/2 Bb i?i B7 
[mMimK bvbi2K Bb bm{+B2MiHv +QKTH2t- Bib >KBHiQMBM Kv #2 `2TH+2/ #v
 b2`B2b Q7 `M/QK Ki`B+2b TH+2/ BM  /B;QMH #HQ+F 7Q`KX 1+? #HQ+F
`2T`2b2Mib  b2i Q7 +QMb2`p2/ [mMimK MmK#2`b- M/ i?2 ivT2 Q7 `M/QK K@
i`Bt +?Qb2M 7Q` 2+? #HQ+F /2T2M/b QM r?2i?2` i?2 bvbi2K ?b iBK2@`2p2`bH
BMp`BM+2 M/ r?2i?2` i?2 bvbi2K Bb BM M BMi2;2` Q` ?H7@Q// BMi2;2` bTBM
bii2X
q?2M i?2 #HQ+F mM/2` +QMbB/2`iBQM +Q``2bTQM/b iQ  iBK2@`2p2`bH BM@
d
p`BMi bvbi2K rBi? BMi2;2` bTBM- QM2 +?QQb2b M Q`i?Q;QMH `M/QK Ki`Bt
2Mb2K#H2- H#2H2/ #v i?2 T`K2i2` β = 1- r?B+? Bb /2}M2/ iQ #2 biiBbiB@
+HHv BMp`BMi mM/2` Q`i?Q;QMH i`Mb7Q`KiBQMbX h?2b2 Ki`B+2b `2 `2H
M/ bvKK2i`B+X aBKBH`Hv- 7Q`  iBK2@`2p2`bH BMp`BMi bvbi2K rBi? ?H7@
Q// BMi2;2` bTBM- QM2 +?QQb2b  bvKTH2+iB+ `M/QK Ki`Bt 2Mb2K#H2- H#2H2/
#v i?2 T`K2i2` β = 4X AM i?Bb +b2- i?2 2Mb2K#H2 Bb biiBbiB+HHv BMp`B@
Mi mM/2` bvKTH2+iB+ i`Mb7Q`KiBQMb M/ i?2 Ki`B+2b BM i?2 2Mb2K#H2 ?p2
[mi2`MBQMB+ 2Mi`B2b M/ `2 [mi2`MBQM b2H7@/mHX 6BMHHv- r?2M i?2 bvbi2K
?b MQ iBK2@`2p2`bH bvKK2i`v- i?2 +Q``2bTQM/BM; 2Mb2K#H2 Bb  mMBi`v 2M@
b2K#H2-  b2i Q7 >2`KBiBM Ki`B+2b rBi? +QKTH2t 2Mi`B2b- rBi? biiBbiB+H
BMp`BM+2 mM/2` mMBi`v i`Mb7Q`KiBQMbX h?Bb 2Mb2K#H2 Bb ;Bp2M i?2 T@
`K2i2` β = 2X Ai Kmbi #2 MQi2/ i?i i?2 H#2Hb β = 1, 2, 4 `2 MQi `#Bi``v-
M/ i?2v `Bb2 Mim`HHv BM i?2 bim/v Q7 i?2 2B;2MpHm2 biiBbiB+b Q7 i?2B`
+Q``2bTQM/BM; 2Mb2K#H2bX
h?2 KQbi 7KQmb 2Mb2K#H2b Q7 `M/QK Ki`B+2b `2 i?2 :mbbBM 2Mb2K@
#H2b (j8) M/ i?2 qBb?`i 2Mb2K#H2b (je)X h?2 :mbbBM 2Mb2K#H2b Q7 `M/QK
Ki`B+2b `2 i?2 b2ib Q7 `2H bvKK2i`B+- +QKTH2t >2`KBiBM Q` [mi2`MBQM
b2H7@/mH Ki`B+2b H Q7 bBx2 N ×N r?Qb2 2Mi`B2b `2 `M/QK p`B#H2b i?i
Q#2v i?2 MQ`KH /Bbi`B#miBQMX h?i Bb- i?2B` 2Mi`B2b {hij}1≤i,j≤N biBb7v i?2
bvKK2i`v `2[mB`2K2Mi
hij = h
∗
ji, i ≤ j,
r?2`2 ∗ /2MQi2b +QKTH2t Q` [mi2`MBQM +QMDm;iBQM 7Q` +QKTH2t Q` [mi2`MBQM
2Mi`B2b- M/ h∗ij = hij 7Q` `2H 2Mi`B2bX h?2b2 2Mb2K#H2b `2 +HH2/ i?2 :mb@
bBM Q`i?Q;QMH- mMBi`v M/ bvKK2i`B+ 2Mb2K#H2b U:P1- :l1 M/ :a1-
`2bT2+iBp2HvVX aBKBH`Hv- i?2 qBb?`i 2Mb2K#H2b `2 i?2 b2ib Q7 Ki`B+2b L Q7
i?2 7Q`K
L = Q†Q,
r?2`2 Q† Bb i?2 +QMDm;i2 i`MbTQb2 Q7 Q- M/ Q Bib2H7 Bb  Ki`Bt Q7 bBx2
N ×M rBi? `2H- +QKTH2t Q` [mi2`MBQM `M/QK p`B#H2 2Mi`B2b r?B+? Q#2v
i?2 MQ`KH /Bbi`B#miBQMX h?2`2 `2 KMv Qi?2` 2Mb2K#H2b Q7 `M/QK Ki`B@
+2b i?i 2t?B#Bi T`QT2`iB2b r?B+? KF2 i?2K bmBi#H2 7Q` T`iB+mH` T?vbB+H
TTHB+iBQMb- M/ i?2v ?p2 #22M +HbbB}2/ #v HiHM/ M/ wB`M#m2` (jd- j3)X
6`QK i?Bb TQBMi Q7 pB2r- `M/QK Ki`B+2b +M #bB+HHv #2 TTHB2/ iQ Mv
T?vbB+H bvbi2K rBi? bm{+B2Mi +QKTH2tBiv- M/ i?2 2Mb2K#H2 Kmbi #2 +?Qb2M
iFBM; BMiQ ++QmMi i?2 bvKK2i`B2b Q7 i?2 bvbi2KX q?BH2 i?2B` T`QT2`iB2b
KF2 `M/QK Ki`B+2b TTHB+#H2 BM  rB/2 p`B2iv Q7 }2H/b- i?Bb TTHB+#BHBiv
+M #2 2ti2M/2/ #v +QMbB/2`BM; Ki`Bt@pHm2/ biQ+?biB+ T`Q+2bb2bX h?i Bb-
BMbi2/ Q7 `M/QK@p`B#H2 2Mi`B2b- QM2 Kv 7Q`KmHi2 `M/QK Ki`B+2b rBi?
biQ+?biB+ T`Q+2bb2b b 2Mi`B2b- M/ +QMbB/2` i?2 +Q``2bTQM/BM; 2B;2MpHm2
T`Q+2bb2bX
3
S2`?Tb i?2 KQbi r2HH@FMQrM 2tKTH2 Q7 i?Bb B/2 Bb .vbQMǶb "`QrMBM
KQiBQM KQ/2H U?2M+27Q`i? +HH2/ .vbQM KQ/2HV (jN)- r?2`2 i?2 2Mi`B2b Q7 i?2
:mbbBM 2Mb2K#H2b Q7 `M/QK Ki`B+2b `2 `2TH+2/ #v BM/2T2M/2Mi QM2@
/BK2MbBQMH "`QrMBM KQiBQMb mT iQ bvKK2i`v +QMbi`BMibX h?2 T`iB+mH`
+b2 β = 2 Q7 i?Bb KQ/2H ?b 7QmM/ TTHB+iBQMb BM KMv #`M+?2b Q7 T?vbB+b
M/ Ki?2KiB+b /m2 iQ Bib `2HiBQMb?BT rBi? i?2 pB+BQmb rHF2` KQ/2H BM@
i`Q/m+2/ #v 6Bb?2` (9y)X aT2+B}+HHv- i?2 pB+BQmb rHF2` KQ/2H Bb  /Bb+`2i2
KQ/2H r?2`2 KmHiBTH2 `M/QK rHF2`b KQp2 BM  QM2@/BK2MbBQMH HiiB+2- M@
MB?BHiBM; 2+? Qi?2` B7 i?2v K22i i i?2 bK2 HiiB+2 TQBMiX h?Bb KQ/2H ?b
#22M mb27mH 7Q` i?2 /2b+`BTiBQM Q7 BMi2`7+2 rHHb M/ K2HiBM; i`MbBiBQMb BM
irQ /BK2MbBQMb (9R)X Ai rb T`Qp2/ #v EiQ`B M/ hM2Km` i?i i?2 .vbQM
KQ/2H Bb i?2 b+HBM; HBKBi Q7 i?2 pB+BQmb rHF2` KQ/2H (9k)- BM i?2 b2Mb2 i?i
i?2 2B;2MpHm2 T`Q+2bb Q7 i?2 .vbQM KQ/2H +Q``2bTQM/b iQ  b2`B2b Q7 "`Qr@
MBM KQiBQMb BM QM2 /BK2MbBQM +QMbi`BM2/ iQ M2p2` +QHHB/2X 6Q` i?Bb `2bQM-
i?Bb T`iB+mH` +b2 Q7 i?2 .vbQM KQ/2H Bb +HH2/ i?2 MQM@+QHHB/BM; "`QrMBM
KQiBQM (9j)X h?Bb T`Q#H2K ?/ #22M +QMbB/2`2/ HbQ #v /2 :2MM2b (ky) BM
i?2 +QMi2ti Q7 HBTB/@ri2` bvbi2Kb r?2`2 MQM@+`QbbBM; +?BM@HBF2 bi`m+im`2b
TT2`- M/ i?2 T`QT2`iB2b Q7 i?2b2 bvbi2Kb r2`2 KQ/2H2/ b  72`KBQMB+ ;b
BM QM2 /BK2MbBQM 2pQHpBM; BM iBK2X AM //BiBQM- i?2 .vbQM KQ/2H 7Q` β = 2
?b 7QmM/ TTHB+iBQMb BM TQHvK2` T?vbB+b (kR)- i?2 TQHvMm+H2` ;`Qri? KQ/2H
(99)- M/ i`{+ ~Qr T`Q#H2Kb (98)X
h?2 qBb?`i (9e) U7Q` i?2 β = 1V M/ G;m2``2 (9d) U7Q` β = 2V T`Q+2bb2b
`2 HbQ 2tKTH2b Q7 Ki`Bt@pHm2/ T`Q+2bb2b Q7 BMi2`2bi BM T?vbB+bX h?2b2
`2 i?2 T`Q+2bb2b Q#iBM2/ #v TmiiBM; BM/2T2M/2Mi "`QrMBM KQiBQMb BM i?2
2Mi`B2b Q7 i?2 Ki`Bt Q mb2/ iQ /2}M2 i?2 qBb?`i 2Mb2K#H2- M/ i?2 KBM
Q#D2+i Q7 bim/v BM i?Bb +b2 Bb i?2 `2bmHiBM; 2B;2MpHm2 T`Q+2bbX h?2b2 T`Q@
+2bb2b `2 `2Hi2/ iQ i?2 +?B`H 2Mb2K#H2b Q7 `M/QK Ki`B+2b (93)- r?B+?
i?2Kb2Hp2b `2 mb2/ BM Z*. (9N- 8y)X Jm+? HBF2 i?2 .vbQM KQ/2H- i?2 +b2
β = 2 HbQ ?b  MQM@+QHHB/BM; BMi2`T`2iiBQM (8R) 7Q` r?B+? Bi Bb +HH2/ i?2
MQM@+QHHB/BM; "2bb2H T`Q+2bbX
h?2 Q#D2+iBp2 Q7 i?Bb rQ`F Bb iQ BMp2biB;i2 i?2 Mim`2 Q7 i?2b2 KmHiBp`B@
i2 biQ+?biB+ T`Q+2bb2b Ui?2 .vbQM KQ/2H M/ i?2 G;m2``2 M/ qBb?`i
T`Q+2bb2bV #2vQM/ i?2 /Bb+`2i2 pHm2b Q7 i?2 T`K2i2` β = 1, 2, 4. hQ KQiB@
pi2 i?Bb 2ti2MbBQM Q7 i?2b2 Ki`Bt@pHm2/ T`Q+2bb2b iQ β > 0 +QMiBMmQmb- H2i
mb BMi`Q/m+2 bQK2 /2iBHb Q7 `M/QK Ki`Bt i?2Q`vX Ai Bb  r2HH@FMQrM 7+i
(j9) i?i i?2 2B;2MpHm2b {λi}Ni=1 Q7 i?2 :mbbBM 2Mb2K#H2b Q#2v i?2 DQBMi
/Bbi`B#miBQM
1
Zβ
2tT
[
− β
( N∑
i=1
λ2i
2
−
∑
1≤i<j≤N
HQ; |λi − λj|
)]
,
N
r?2`2 Zβ Bb  T`iBiBQM 7mM+iBQMX aBKBH`Hv- i?2 2B;2MpHm2b {λi > 0}Mi=1 Q7
i?2 qBb?`i 2Mb2K#H2b Q#2v i?2 DQBMi /Bbi`B#miBQM
1
Z ′β
2tT
[
− β
( M∑
i=1
λi
2
− a
2
M∑
i=1
HQ;λi −
∑
1≤i<j≤N
HQ; |λi − λj|
)]
,
r?2`2 a = N −M +1− 2/β- M/ Z ′β Bb i?2 +Q``2bTQM/BM; T`iBiBQM 7mM+iBQMX
"2+mb2 i?2 DQBMi 2B;2MpHm2 /2MbBiB2b 7Q` i?2 :mbbBM M/ qBb?`i 2M@
b2K#H2b ?p2 i?2 7Q`K Q7 "QHixKMM 7+iQ`b- Bi Bb +QKKQM iQ B/2MiB7v i?2
2B;2MpHm2b Q7 i?2b2 2Mb2K#H2b Q7 `M/QK Ki`B+2b b bvbi2Kb Q7 +?`;2/
T`iB+H2b Q7 mMBi +?`;2 BM  irQ@/BK2MbBQMH mMBp2`b2 i?i `2 `2bi`B+i2/ iQ
KQp2 BM QM2 /BK2MbBQMX AM i?2 +b2 Q7 i?2 :mbbBM 2Mb2K#H2b- i?2b2 T`iB+H2b
`2T2H 2+? Qi?2` r?BH2 #2BM; +QM}M2/ #v  ?`KQMB+ #+F;`QmM/ TQi2MiBH-
r?BH2 BM i?2 +b2 Q7 i?2 qBb?`i 2Mb2K#H2b i?2`2 `2 irQ #+F;`QmM/ TQ@
i2MiBHb-  HBM2` +QM}M2K2Mi TQi2MiBH M/  HQ;`Bi?KB+ `2TmHbBQM TQi2MiBH
7`QK i?2 Q`B;BMX AM i?Bb 2H2+i`QbiiB+ MHQ;v- #Qi? bvbi2Kb Q7 +?`;2/ T`@
iB+H2b `2 BM +QMi+i rBi?  ?2i `2b2`pQB` Q7 BMp2`b2 i2KT2`im`2 β- K2MBM;
i?i i?2 Ki?2KiB+H T`K2i2` β +M #2 mM/2`biQQ/ T?vbB+HHv b i?2 BM@
p2`b2 i2KT2`im`2X h?2`27Q`2- i?2 Ki`Bt 2Mb2K#H2b `2 `2HBxiBQMb Q7 i?2b2
+?`;2/ T`iB+H2 bvbi2Kb i i?2 BMp2`b2 i2KT2`im`2b β = 1, 2 M/ 9X
h?Bb T?vbB+H BMi2`T`2iiBQM KQiBpi2b i?2 2ti2MbBQM Q7 i?2b2 KQ/2Hb iQ
+QMiBMmQmb pHm2b Q7 β > 0X h?Bb rb +?B2p2/ #v .mKBi`Bm M/ 1/2HKM
(8k)- r?Q /2}M2/  b2`B2b Q7 2Mb2K#H2b Q7 `2H i`B/B;QMH `M/QK Ki`B+2b
r?Qb2 2B;2MpHm2b Q#2v i?2 DQBMi 2B;2MpHm2 /2MbBiB2b Q7 i?2 :mbbBM M/
qBb?`i 2Mb2K#H2b 7Q` β > 0X h?2b2 2Mb2K#H2b `2 +HH2/ i?2 β@>2`KBi2 M/
β@G;m2``2 2Mb2K#H2bX 6m`i?2`KQ`2- 6Q``2bi2` (8j- *?TX Rj) ?b bm++22/2/
BM +H+mHiBM; i?2 +Q``2HiBQM 7mM+iBQMb 7Q` i?2b2 β@2Mb2K#H2b 7Q` i?2 +b2
r?2`2 β Bb M 2p2M BMi2;2`X
AM i?2 +b2 Q7 i?Bb rQ`F- i?2 2ti2MbBQM Q7 i?2b2 bvbi2Kb Q7 +?`;2/ T`iB@
+H2b iQ BMi2`+iBM;@T`iB+H2 biQ+?biB+ T`Q+2bb2b 7Q` β > 0 Bb +QMbB/2`2/X Ai Bb
FMQrM i?i i?2 /vMKB+b Q7 i?2 2B;2MpHm2b Q7 i?2 .vbQM KQ/2H Bb /2`Bp2/ mb@
BM; "`mǶb i?2Q`2K (93)X .2MQiBM;  p2+iQ` Q7 N BM/2T2M/2Mi QM2@/BK2MbBQMH
"`QrMBM KQiBQMb #v Bt- i?2 2B;2MpHm2 T`Q+2bb Q7 i?2 .vbQM KQ/2H Bb ;Bp2M
#v i?2 7QHHQrBM; biQ+?biB+ /Bz2`2MiBH 2[miBQMb Ua.1bV 7Q` i = 1, . . . , N ,
/λi = /Bi,t + β
2
N∑
j=1:
j $=i
/t
λi − λj .
AM i?2 +b2 β = 2- i?Bb Bb  bvbi2K Q7 BM/2T2M/2Mi "`QrMBM KQiBQMb +QM@
/BiBQM2/ M2p2` iQ +QHHB/2X b  +QMb2[m2M+2 Q7 i?Bb- i?2B` DQBMi T`Q##BHBiv
Ry
/2MbBiv Bb ;Bp2M #v i?2 E`HBM@J+:`2;Q` /2i2`KBMMi (89)X h?2`27Q`2- i?Bb
T`Q+2bb Bb /2i2`KBMMiH BM i?2 b2Mb2 i?i Bib DQBMi T`Q##BHBiB2b M/ +Q`@
`2HiBQM 7mM+iBQMb `2 ;Bp2M #v /2i2`KBMMib Q7  bBM;H2 7mM+iBQM +HH2/ 
+Q``2HiBQM F2`M2H- b b?QrM #v EiQ`B M/ hM2Km` (9j)X
6Q` i?2 +b2 Q7 i?2 qBb?`i M/ G;m2``2 T`Q+2bb2b- i?2 /vMKB+b Q7 i?2
2B;2MpHm2b Q7 i?2 `2H bvKK2i`B+ Q` +QKTH2t >2`KBiBM Ki`Bt L Bb ;Bp2M #v
i?2 a.1 (93)
/λi = 2
√
λi /Bi,t + β
[
(N +M) +
N∑
j=1:
j $=i
λi + λj
λi − λj
]
/t.
GBF2 BM i?2 +b2 Q7 i?2 .vbQM KQ/2H 7Q` β = 2- i?2 2B;2MpHm2 /vMKB+b Q7
i?2 G;m2``2 T`Q+2bb2b Uβ = 2V Bb  /2i2`KBMMiH T`Q+2bb BM r?B+? b2p2`H
BM/2T2M/2Mi QM2@/BK2MbBQMH T`Q+2bb2b `2 +QM/BiBQM2/ M2p2` iQ +QHHB/2 (8R)X
>Qr2p2`- i?2 +QKTQM2Mi T`Q+2bb2b `2 MQi "`QrMBM KQiBQMb- #mi b[m`2/
"2bb2H T`Q+2bb2bX h?2 a.1 Q7  b[m`2/ "2bb2H T`Q+2bb Y Q7 /BK2MbBQM D Bb
;Bp2M #v (88)
/Y = 2
√
Y /B˜t +D /t,
M/ Bi `2T`2b2Mib i?2 biQ+?biB+ T`Q+2bb `2HBx2/ #v i?2 b[m`2/ /BbiM+2 iQ
i?2 Q`B;BM Q7  "`QrMBM KQiBQM BM D /BK2MbBQMbX h?2b2 `2 +HH2/ "2bb2H
T`Q+2bb2b #2+mb2 i?2B` i`MbBiBQM /2MbBiv UT`Q##BHBiv Q7 ``BpBM; i i?2 TQ@
bBiBQM y 7i2`  iBK2 t bi`iBM; 7`QK i?2 TQbBiBQM xV Bb ;Bp2M #v i?2 7mM+iBQM
(8R)
1
2t
(y
x
)ν/2
2−(x+y)/2tIν
(√xy
t
)
,
r?2`2 Iν(x) Bb i?2 KQ/B}2/ "2bb2H 7mM+iBQM Q7 i?2 }`bi FBM/- M/ ν = D/2−1
Bb i?2 "2bb2H BM/2tX h?2`27Q`2- i?2 G;m2``2 2B;2MpHm2 T`Q+2bb2b `2 `2HBx2/
b N b[m`2/ "2bb2H T`Q+2bb2b Q7 BM/2t ν = N +M − 1 +QM/BiBQM2/ M2p2` iQ
+QHHB/2X
AM i?2 a.1b ;Bp2M #Qp2- i?2`2 Bb MQ +QMbi`BMi i?i b?QmH/ 7Q`+2 i?2
T`K2i2` β iQ #2 /Bb+`2i2- bp2 7Q` i?2B` Ki`Bt@pHm2/ Mim`2X b  Kii2`
Q7 7+i- i?2b2 T`Q+2bb2b ?p2 MQ FMQrM Ki`Bt@pHm2/ `2T`2b2MiiBQM 2t+2Ti
7Q` i?2 +b2b β = 1, 2 M/ 9- bQ i?2 i`/2Qz 7Q` 2ti2M/BM; β iQ  +QMiBMmQmb
T`K2i2` Bb i?i KMv Q7 i?2 i2+?MB[m2b 7`QK `M/QK Ki`Bt i?2Q`v +MMQi
#2 mb2/ BM i?Bb +b2X "2+mb2 Q7 i?Bb 7mM/K2MiH /Bz2`2M+2- i?2 BMi2`+iBM;
T`iB+H2 bvbi2Kb +QMbB/2`2/ BM i?Bb rQ`F rBHH #2 `272``2/ iQ b i?2 BMi2`+iBM;
"`QrMBM KQiBQMb M/ i?2 BMi2`+iBM; Ub[m`2/V "2bb2H T`Q+2bb2bX
RR
β /Bb+`2i2 β > 0 +QMiBMmQmb
aiiB+
`M/QK
p`B#H2b
:mbbBM M/ qBb?`i 2M@
b2K#H2b
→ β@>2`KBi2 M/ β@G;m2``2
2Mb2K#H2b
↓
aiQ+?biB+
T`Q+2bb2b
.vbQMǶb "`QrMBM KQ@
iBQMb- qBb?`i M/
G;m2``2 T`Q+2bb2b
→ AMi2`+iBM; "`QrMBM KQ@
iBQMb M/ "2bb2H T`Q+2bb2b
6B;m`2 RXRXR, .vMKB+H M/ +QMiBMmQmb@i2KT2`im`2 2ti2MbBQMb Q7 i?2 :mb@
bBM M/ qBb?`i 2Mb2K#H2bX h?2 #QiiQK `B;?i +Q`M2` ?b MQ FMQrM Ki`Bt@
pHm2/ 7Q`KmHiBQMX
RXk .mMFH T`Q+2bb2b
M Hi2`MiBp2 rv iQ 7Q`KmHi2 i?Bb 2ti2MbBQM Bb +?B2p2/ #v +QMbB/2`BM;
 #`Q/ 7KBHv Q7 biQ+?biB+ T`Q+2bb2b i?i BM+Hm/2b i?2 BMi2`+iBM; "`QrMBM
KQiBQMb M/ "2bb2H T`Q+2bb2b b T`iB+mH` +b2bX h?2b2 `2 +HH2/ .mMFH
T`Q+2bb2b /m2 iQ i?2 7+i i?i i?2v `2 /2}M2/ mbBM; i?2 /Bz2`2MiBH@/Bz2`2M+2
QT2`iQ`b FMQrM b .mMFH QT2`iQ`b (8e)X .mMFH /2}M2/ i?2b2 QT2`iQ`b 7Q`
i?2 bim/v Q7 bvKK2i`B+ TQHvMQKBHb Q7 KmHiBTH2 p`B#H2b- M/ i?2v ?p2 #22M
mb2/ BM T?vbB+b BM i?2 +QMi2ti Q7 i?2 *HQ;2`Q@JQb2` bvbi2Kb (8d- 83- 8N)X h?2
/2}MBiBQM Q7 .mMFH QT2`iQ`b /2T2M/b QM i?2 +?QB+2 Q7  }MBi2 b2i Q7 p2+iQ`b
+HH2/ `QQi bvbi2K- r?B+? ;2M2`i2b  `2~2+iBQM ;`QmTW - M/ i?2 `QQi bvbi2K
Bb BMp`BMi mM/2` i?2 +iBQM Q7 i?2 2H2K2Mib Q7 W X qBi?BM i?2 +QMi2ti Q7
i?2 *HQ;2`Q@JQb2` bvbi2Kb- 6Q``2bi2` ?b mb2/ .mMFH QT2`iQ`b iQ T`Qp2 i?2
BMi2;`#BHBiv Q7 i?2b2 bvbi2Kb (8j- a2+bX RRX9Xk@RRX8X8)X
h?2 /2}MBiBQM Q7 .mMFH T`Q+2bb2b Bb `QQi2/ BM i?2 rQ`F Q7 _ƺbH2`- r?Q
+QMbB/2`2/ M/ 7QmM/  :`22M 7mM+iBQM bQHmiBQM Q7 i?2 .mMFH ?2i 2[miBQM
(ey)X h?Bb Bb i?2 ;2M2`HBxiBQM Q7 i?2 ?2i 2[miBQM BM r?B+? i?2 bTiBH
T`iBH /2`BpiBp2b `2 `2TH+2/ #v .mMFH QT2`iQ`bX am#b2[m2MiHv- _ƺbH2`
M/ oQBi (eR) +QMbB/2`2/ i?2 .mMFH ?2i 2[miBQM b  J`FQp b2KB;`QmT- M/
;p2 i?2 }`bi 7Q`KH /2}MBiBQM Q7 i?2 .mMFH T`Q+2bb2bX AMimBiBp2Hv bT2FBM;-
.mMFH T`Q+2bb2b `2 /2}M2/ b  ;2M2`HBxiBQM Q7 KmHiB/BK2MbBQMH "`QrMBM
KQiBQM b 7QHHQrbX Ai Bb r2HH FMQrM (ek) i?i i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv
Q7  "`QrMBM KQiBQM Q#2vb i?2 ?2i 2[miBQMX h?2M- B7 bTiBH T`iBH
/2`BpiBp2b `2 `2TH+2/ #v i?2 .mMFH QT2`iQ`b {Ti}Ni=1- i?2M QM2 +M /2}M2
Rk
i?2 .mMFH ;2M2`HBxiBQM Q7 i?2 ?2i 2[miBQM (ey) b 7QHHQrb-
∂
∂t
f(t,x) =
1
2
N∑
i=1
T 2i f(t,x),
r?2`2 f(t,x) Bb  +QMiBMmQmb 7mM+iBQM M/ x Bb  p2+iQ` BM N @/BK2MbBQMH
bT+2X h?2M- .mMFH T`Q+2bb2b `2 /2}M2/ b i?2 biQ+?biB+ T`Q+2bb2b r?Qb2
i`MbBiBQM T`Q##BHBiv /2MbBiB2b Q#2v i?2 .mMFH ?2i 2[miBQM (eR)X Ai Kmbi
#2 MQi2/- ?Qr2p2`- i?i #2+mb2 i?2 .mMFH QT2`iQ`b `2 /Bz2`2MiBH /Bz2`@
2M+2 QT2`iQ`b- i?2`2 `2 /Bz2`2M+2 i2`Kb BM i?2 .mMFH ?2i 2[miBQM i?i
`2T`2b2Mi DmKTb BM i?2 i`D2+iQ`v Q7 .mMFH T`Q+2bb2bX h?Bb K2Mb i?i- BM
;2M2`H- .mMFH T`Q+2bb2b `2 /Bb+QMiBMmQmbX
>Qr2p2`- Bi Bb TQbbB#H2 iQ iF2 i?2 +QMiBMmQmb T`i Q7 .mMFH T`Q+2bb2b-
/2}MBM; r?i `2 +HH2/ i?2 `/BH .mMFH T`Q+2bb2b- BMi`Q/m+2/ #v :HH`/Q
M/ uQ` (ej)X _/BH .mMFH T`Q+2bb2b- i?2M- `2 /BzmbBQM T`Q+2bb2b rBi? 
/`B7i i?i Bb /2i2`KBM2/ #v i?2 `QQi bvbi2K +QMbB/2`2/X AM i?Bb rQ`F- irQ
T`iB+mH` `QQi bvbi2Kb rBHH #2 +QMbB/2`2/- i?2 `QQi bvbi2K Q7 ivT2 A M/ i?2
`QQi bvbi2K Q7 ivT2 BX h?2b2 `QQi bvbi2Kb ;2M2`i2 i?2 bvKK2i`B+ ;`QmT
SN Q7 T2`KmiiBQMb Q7 i?2 +QKTQM2Mib Q7 p2+iQ`b Q7 N /BK2MbBQMb- M/ i?2
;`QmT +QKTQb2/ Q7 HH T2`KmiiBQMb M/ bB;M +?M;2b Q7 i?2 +QKTQM2Mib Q7
p2+iQ`b- `2bT2+iBp2HvX h?2 `2bQM 7Q` i?2 +?QB+2 Q7 i?2b2 irQ `QQi bvbi2Kb Bb
i?i i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b `2 `2HBx2/ b
i?2 `/BH .mMFH T`Q+2bb2b Q7 ivT2 A M/ i?2 `/BH .mMFH T`Q+2bb2b Q7 ivT2 B
`2bT2+iBp2HvX h?Bb Bb  7+i }`bi TQBMi2/ Qmi #v .2KMB (e9)X h?2`27Q`2- .mMFH
T`Q+2bb2b +M #2 pB2r2/ b  H`;2 7KBHv Q7 T`Q+2bb2b r?B+? +M #2 `2/m+2/ iQ
KmHiBp`Bi2 biQ+?biB+ T`Q+2bb2b FMQrM BM T?vbB+b M/ `M/QK Ki`Bt i?2Q`v
#v +?QQbBM;  T`iB+mH` `QQi bvbi2K M/ iFBM; i?2B` +QMiBMmQmb T`iX h?2v
T`QpB/2  Mim`H 7Q`KmHiBQM Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H
T`Q+2bb2b- M/ i?2v ?p2 i?2 /pMi;2 Q7 MQi #2BM; #QmM/ iQ Mv T`iB+mH`
b2i Q7 pHm2b Q7 β- #mi i?2v ?p2 i?2 /Bb/pMi;2 Q7 MQi ?pBM;  Ki`Bt@
pHm2/ `2T`2b2MiiBQM BM ;2M2`HX qBi?Qmi #2BM; r`2 Q7 i?2B` `2HiBQMb?BT
iQ .mMFH T`Q+2bb2b M/ .mMFH QT2`iQ` i?2Q`v- "F2` M/ 6Q``2bi2` (e8)
BMi`Q/m+2/  b2`B2b Q7 7mM+iBQMb- +HH2/ ;2M2`HBx2/ ?vT2`;2QK2i`B+ 7mM+iBQMb
r?B+? KF2 T`i Q7 i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7 i?2 `/BH .mMFH
T`Q+2bb2bX h?2b2 7mM+iBQMb `2 i?2 #bBb 7Q` bQK2 Q7 i?2 `2bmHib BM *?Ti2` e
Q7 i?Bb rQ`FX
S2`?Tb i?2 ;`2i2bi K2`Bi Q7 mbBM; .mMFH T`Q+2bb2b iQ bim/v i?2 BMi2`@
+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b Bb i?i .mMFH QT2`iQ` i?2Q`v
T`QpB/2b  TQr2`7mH iQQH iQ MHvx2 i?2B` T`QT2`iB2b- +HH2/ i?2 BMi2`irBMBM;
QT2`iQ` UBMi`Q/m+2/ #v .mMFH BM (ee)VX h?Bb QT2`iQ`- /2MQi2/ #v Vβ- Bb 
7mM+iBQMH i?i Bb /2}M2/ #v i?2 7QHHQrBM; `2HiBQM #2ir22M T`iBH /2`BpiBp2b
Rj
BM bT+2 M/ .mMFH QT2`iQ`b
TiVβ[f(x)] = Vβ
[ ∂
∂xi
f(x)
]
,
r?2`2 i?2 7mM+iBQM f(x) Bb bbmK2/ iQ #2 MHviB+H M/ #QmM/2/ 7Q` }MBi2 xX
b  +QMb2[m2M+2- i?2 BMi2`irBMBM; QT2`iQ` KTb i?2 ?2i 2[miBQM BMiQ i?2
.mMFH ?2i 2[miBQM- r?B+? BM im`M K2Mb i?i Vβ T`QpB/2b  ;`2i T`i Q7
i?2 BM7Q`KiBQM #Qmi i?2 #2?pBQ` Q7 .mMFH T`Q+2bb2bX >Qr2p2`- i?2 ;2M2`H
2tTHB+Bi 7Q`K Q7 Vβ Bb biBHH mMFMQrM BM bTBi2 Q7 `2+2Mi /2p2HQTK2Mi BM i?2 iQTB+
(ed)X
RXj JBM `2bmHib
h?2 Q#D2+iBp2 Q7 i?Bb rQ`F Bb iQ /2`Bp2 T`2pBQmbHv mMFMQrM 2tT`2bbBQMb
7Q` Vβ M/ KF2 mb2 Q7 i?2b2 2tT`2bbBQMb b MQp2H iQQHb 7Q` i?2 bim/v Q7
.mMFH T`Q+2bb2b BM ;2M2`H- M/ i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H
T`Q+2bb2b BM T`iB+mH`X h?2 `2bmHib `2 i?2 7QHHQrBM;,
Ç S`2pBQmbHv mMFMQrM 2tTHB+Bi 2tT`2bbBQMb 7Q` i?2 2z2+i Q7 i?2 BMi2`irBM@
BM; QT2`iQ` QM T`iB+mH` 7mM+iBQMb bm+? b HBM2` 7mM+iBQMb i }MBi2
i2KT2`im`2 M/ i?2 2tTQM2MiBH 7mM+iBQM BM i?2 7`22xBM; Uβ → ∞V
HBKBi `2 +H+mHi2/X
Ç h?2 +QMp2`;2M+2 iQ i?2 bi2/v bii2 Q7 .mMFH T`Q+2bb2b QM M `#Bi``v
`QQi bvbi2K 7Q` `#Bi``v BMBiBH +QM/BiBQMb Bb +QMbB/2`2/- M/  }MBi2
HQr2` #QmM/ 7Q` i?2 iBK2 `2[mB`2/ 7Q` `2HtiBQM iQ Q++m` Bb ;Bp2M 7Q`
}MBi2 MQM@x2`Q i2KT2`im`2bX LQi2 i?i i?2 biQ+?biB+ T`Q+2bb2b +QM@
bB/2`2/ `2 /BzmbBQM T`Q+2bb2b- M/ i?2`27Q`2 /Q MQi ?p2  bi2/v bii2
BM i?2 bi`B+i b2Mb2X h?2`27Q`2- BM i?2 +QMi2ti Q7 i?Bb rQ`F- i?2 T?`b2
bi2/v bii2 `272`b iQ i?2 bi2/v bii2 +?B2p2/ #v i?2b2 T`Q+2bb2b 7i2`
#2BM; i`Mb7Q`K2/ #v  bmBi#H2 iBK2 b+HBM;X h?2 /2iBH2/ /2}MBiBQM
Q7 i?2 bi2/v bii2 rBHH #2 ;Bp2M BM *?Ti2` 9X
Ç h?2 #2?pBQ` Q7 .mMFH T`Q+2bb2b BM i?2 7`22xBM; HBKBi Bb +H+mHi2/-
M/ i?2 7`22xBM; TQbBiBQMb Q7 i?2b2 T`Q+2bb2b `2 b?QrM iQ #2 ;Bp2M
#v i?2 T2F b2ib Q7 `2~2+iBQM ;`QmTb (e3)X AM i?2 T`iB+mH` +b2 Q7
i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b- i?2 7`22xBM;
TQbBiBQMb (eN- dy) `2 b?QrM iQ #2 ;Bp2M #v i?2 62F2i2 TQBMib (dR- dk)X
Ç h?2 bi2/v@bii2 `2;BK2 Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H
T`Q+2bb2b Bb b?QrM iQ +QBM+B/2 rBi? i?2 2B;2MpHm2 /2MbBiv Q7 i?2 β@
>2`KBi2 M/ β@G;m2``2 2Mb2K#H2b Q7 `M/QK Ki`B+2b (dy)X
R9
Ç lbBM; T`2pBQmb FMQrH2/;2 #Qmi i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/
"2bb2H T`Q+2bb2b- 2tT`2bbBQMb 7Q` i?2 2z2+i Q7 Vβ QM bvKK2i`B+ TQHvMQ@
KBHb `2 /2`Bp2/X
Ç h?2 7+i i?i Mv .mMFH T`Q+2bb +M #2 KTT2/ iQ  *HQ;2`Q@JQb2`
bvbi2K 2pQHpBM; BM BK;BM`v iBK2 #v mbBM;  p`B#H2 bm#biBimiBQM BM
#Qi? bT+2 M/ iBK2 7QHHQr2/ #v  bBKBH`Biv i`Mb7Q`KiBQM Bb T`Qp2/
(dy)X h?Bb KTTBM; T`QpB/2b M BM/B`2+i /2`BpiBQM Q7 bQK2 Q7 i?2 KBM
`2bmHib Q7 i?Bb i?2bBbX
h?Bb i?2bBb Bb ``M;2/ b 7QHHQrb, BM *?Ti2` k- i?2 #bB+ MQiiBQMb M/
Ki?2KiB+H Q#D2+ib `2[mB`2/ 7Q` i?2 /2`BpiBQM Q7 i?2 KBM `2bmHi `2 BMi`Q@
/m+2/X AM T`iB+mH`- .mMFH QT2`iQ`b- .mMFH T`Q+2bb2b M/ i?2B` `2HiBQMb?BT
rBi? i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b `2 T`2b2Mi2/ BM
+QM+`2i2 Ki?2KiB+H i2`KbX AM *?Ti2` j- i?2 ;2M2`H +Q``2bTQM/2M+2 #2@
ir22M .mMFH T`Q+2bb2b M/ *HQ;2`Q@JQb2` bvbi2Kb Bb T`Qp2/ M/ mb2/ iQ ;Bp2
M BMimBiBp2 /2`BpiBQM Q7 i?2 `2HtiBQM iQ i?2 bi2/v bii2 M/ i?2 7`22xBM;
HBKBi Q7 .mMFH T`Q+2bb2bX AM *?Ti2` 9- i?2 T`2+Bb2 /2}MBiBQM Q7 i?2 bi2/v
bii2 Q7 .mMFH T`Q+2bb2b Bb ;Bp2M- M/ i?2 7+i i?i .mMFH T`Q+2bb2b i?i
?p2 #22M T`QT2`Hv b+H2/ BM bT+2 `2Ht iQ i?2B` bi2/v bii2 BM }MBi2 iBK2
Bb T`Qp2/ 7Q` `#Bi``v BMBiBH /Bbi`B#miBQMbX AM *?Ti2` 8- i?2 7`22xBM; HBKBi
Q7 .mMFH T`Q+2bb2b Bb +H+mHi2/X AM *?Ti2` e- i?2 bi2/v@bii2 M/ 7`22xBM;
`2;BK2 `2bmHib 7Q` i?2 T`iB+mH` +b2b Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
M/ "2bb2H T`Q+2bb2b `2 //`2bb2/X a2p2`H MmK2`B+H `2bmHib `2 T`2b2Mi2/
b 2pB/2M+2 Q7 i?2 pHB/Biv Q7 i?2 `2bmHib 7`QK *?Ti2`b 9 M/ 8- M/ i?2
2tTHB+Bi 7Q`K Q7 i?2 BMi2`irBMBM; QT2`iQ` 7Q` bvKK2i`B+H TQHvMQKBHb Bb /2@
`Bp2/ M/ bim/B2/X h?2 /2`BpiBQM Q7 i?2 7`22xBM; HBKBi M/ i?2 bi2/v@bii2
`2;BK2 i HQr i2KT2`im`2 7Q` i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H
T`Q+2bb2b Bb ;Bp2M BM i?2 }MH T`i Q7 i?2 *?Ti2`X 6BMHHv- i?2 KBM `2bmHib
Q7 i?Bb rQ`F M/ bQK2 7mim`2 T`QbT2+ib `2 /Bb+mbb2/ BM *?Ti2` dX
R8
*?Ti2` k
.mMFH QT2`iQ` i?2Q`v M/
.mMFH T`Q+2bb2b
h?2 KmHiBp`Bi2 biQ+?biB+ T`Q+2bb2b +QMbB/2`2/ ?2`2 `2 /2}M2/ i?`Qm;?
i?2 mb2 Q7 .mMFH QT2`iQ`b- r?B+? BM im`M /2T2M/ QM b2p2`H Ki?2KiB+H
Q#D2+ibX AM i?Bb +?Ti2`- i?2 /2}MBiBQM Q7 i?Qb2 Q#D2+ib M/ .mMFH T`Q+2bb2b
i?2Kb2Hp2b rBHH #2 `2pB2r2/- M/ bQK2 Q7 i?2B` ;2M2`H T`QT2`iB2b rBHH #2
HBbi2/X h?2 +QMi2Mib Q7 i?Bb +?Ti2` `2 #b2/ QM (dj- d9)X
kXR _QQi bvbi2Kb
*QMbB/2` irQ +QHmKM p2+iQ`b x = (x1, . . . , xN)T M/ α = (α1, . . . ,αN)T ∈
RN - M/ i?2B` /Qi T`Q/m+i x ·α = xTα =∑Ni=1 xiαiX h?2 `2~2+iBQM QT2`iQ`
i?`Qm;? i?2 ?vT2`THM2 /2}M2/ #v α Bb ;Bp2M #v
σαx = x− 2α · x
α ·αα. UkXRXRV
AM Ki`Bt MQiiBQM- bbmKBM; i?i α Bb  +QHmKM p2+iQ`- /2MQiBM; Bib i`Mb@
TQb2 #v αT M/ /2MQiBM; i?2 B/2MiBiv Ki`Bt #v I- QM2 Kv r`Bi2
σα = I − 2αα
T
αTα
. UkXRXkV
6Q` bBKTHB+Biv- i?2 MQ`K Q7  p2+iQ` rBHH #2 /2MQi2/ #v √x · x = x BM i?2
+b2 r?2`2 i?2 MQiiBQM /Q2b MQi +mb2 +QM7mbBQMX  T`QT2`iv Q7 σα Bb i?i-
7Q` Θ ∈ O(N) Ui?2 ;`QmT Q7 Q`i?Q;QMH Ki`B+2b Q7 bBx2 NV- Bi biBb}2b i?2
2[miBQM
σΘαx = ΘσαΘ
Tx = ΘσαΘ
−1x. UkXRXjV
Re
 `QQi bvbi2K- /2MQi2/ #v R- Bb /2}M2/ b  b2i Q7 p2+iQ`b U+HH2/ `QQibV
i?i Bb +HQb2/ mM/2` `2~2+iBQMb HQM; Bib 2H2K2MibX h?i Bb- R biBb}2b i?2
`2HiBQM
σαR = {σαξ : ξ ∈ R} = R UkXRX9V
7Q` HH α ∈ RX AM T`iB+mH`- σαα = −α ∈ R- K2MBM; i?i 2p2`v `QQi
?b Bib M2;iBp2 BM RX 6Q` i?Bb `2bQM- R +M #2 /BpB/2/ BMiQ i?2 TQbBiBp2
M/ M2;iBp2 bm#bvbi2Kb b 7QHHQrb, +?QQb2 M `#Bi``v p2+iQ`- bv m- bm+?
i?i 7Q` Mv `QQi α- m )= cα rBi? c ∈ R M/ α ·m )= 0c i?2M- +QMbi`m+i
i?2 TQbBiBp2 bm#bvbi2K b R+ = {α ∈ R : m · α > 0} M/ i?2 M2;iBp2
bm#bvbi2K R− BM i?2 bK2 KMM2`X  `QQi bvbi2K Bb +HH2/ `2/m+2/ B7- 7Q`
2p2`v α ∈ R- rα ∈ R BKTHB2b i?i r = ±1X Ai rBHH #2 bbmK2/ i?i 2p2`v
`QQi bvbi2K +QMbB/2`2/ ?2`2 Bb `2/m+2/X
h?2 `2~2+iBQMb HQM; i?2 `QQib Q7 R rBi? +QKTQbBiBQM b ;`QmT QT2`iBQM
;2M2`i2  q2vH ;`QmT- /2MQi2/ #vW - Q7 Q`i?Q;QMH QT2`iQ`bX "v /2}MBiBQM-
TTHvBM; i?2 2H2K2Mib Q7 W iQ Mv `QQi α ∈ R T`Q/m+2b  bm#b2i Q7 RX h?Bb
b2i Bb /2MQi2/ #v
Wα = {ρα : ρ ∈ W}. UkXRX8V
 KmHiBTHB+Biv 7mM+iBQM Bb  7mM+iBQM k : R→ C i?i bbB;Mb  mMB[m2 +QKTH2t
T`K2i2` iQ HH i?2 `QQib i?i #2HQM; iQ i?2 bm#b2i Wα 7Q` bQK2 `QQi αX
h?i Bb- B7 7Q` ξ, ζ,α ∈ R i?2 2[miBQM σαζ = ξ ?QH/b- i?2M k(ζ) = k(ξ)X AM
;2M2`H- Bi rBHH #2 bbmK2/ i?i i?2 KmHiBTHB+Biv 7mM+iBQM Bb `2H M/ TQbBiBp2X
AM ;2M2`H- i?2 +iBQM Q7 M Q`i?Q;QMH QT2`iQ` Θ ∈ O(N) QM  7mM+iBQM
f(x) Bb ;Bp2M #v
Θf(x) = f(ΘTx), M/ Θ−1f(x) MQiiBQM= ΘTf(x) = f(Θx). UkXRXeV
AM T`iB+mH`- i?2 +iBQM Q7  bm++2bbBQM Q7 `2~2+iBQMb σα1 . . . σαn QM f(x)-
rBi? αj ∈ RN 7Q` 1 ≤ j ≤ n Bb ;Bp2M #v
σα1 . . . σαnf(x) = f(σαn . . . σα1x), UkXRXdV
#2+mb2 σα Bb `2T`2b2Mi2/ #v  bvKK2i`B+ Ki`BtX  7mM+iBQM Bb +HH2/ W @
BMp`BMi B7 Bi biBb}2b i?2 2[miBQM
ρf(x) = f(ρTx) = f(x) UkXRX3V
7Q` HH ρ ∈ W X
kXk .mMFH QT2`iQ`b
h?2 ii? .mMFH QT2`iQ` Ti- i = 1, . . . , N - Bb r`Bii2M b
Tif(x) =
∂
∂xi
f(x) +
∑
α∈R+
k(α)
(1− σα)f(x)
α · x αi. UkXkXRV
Rd
JQ`2 ;2M2`HHv- mbBM; i?2 ;`/B2Mi p2+iQ` ∇ = (∂/∂x1, . . . , ∂/∂xN)T - i?2
.mMFH QT2`iQ` BM i?2 /B`2+iBQM ξ ∈ RN Bb /2}M2/ b
Tξf(x) =
N∑
i=1
ξiTif(x) = ξ ·∇f(x) +
∑
α∈R+
k(α)
(1− σα)f(x)
α · x ξ ·α. UkXkXkV
LQi2 i?i- B7 f(x) Bb  TQHvMQKBH Q7 /2;`22 n- i?2M (1− σα)f(x)/α · x Bb 
TQHvMQKBH Q7 /2;`22 n− 1X hQ b22 i?Bb- +QMbB/2` rBi?Qmi HQbb Q7 ;2M2`HBiv 
T`iB+mH` KQMQKBH Q7 f(x)- M/ bbmK2 i?i i?2 +QQ`/BMi2 bvbi2K Q7 i?2
1m+HB/2M bT+2 Bb b2i mT bQ i?i α = e1- r?2`2 ei Bb i?2 ii? +MQMB+H #b2
p2+iQ`X h?2M i?2 2tT`2bbBQM #2+QK2b
(1− σe1)c
∏N
i=1 x
pi
i
x1
=
xp11 − (−x1)p1
x1
c
N∏
i=2
xpii , UkXkXjV
M/ i?Bb Bb y 7Q` p1 2p2M M/ 2xp1−11 c
∏N
i=2 x
pi
i 7Q` pi Q//X AM #Qi? +b2b-
i?Bb `iBQ vB2H/b  KQMQKBH- M/ B7 i?2 bK2 bi`i2;v Bb 7QHHQr2/ 7Q` 2p2`v
KQMQKBH- i?2 `iBQ QM i?2 `X?XbX Q7 UkXkXRV #2+QK2b  TQHvMQKBH Q7 /2;`22
n − 1X h?Bb K2Mb i?i Ti Bb  ?QKQ;2M2Qmb QT2`iQ` Q7 /2;`22 −1- HBF2 
T`iBH /2`BpiBp2X AM //BiBQM- 7Q`  }t2/ KmHiBTHB+Biv 7mM+iBQM i?2 QT2`iQ`b
{Ti}Ni=1 +QKKmi2X HbQ- r?2M i H2bi QM2 Q7 i?2 7mM+iBQMb f, g BbW @BMp`BMi-
i?2 .mMFH QT2`iQ`b Q#2v i?2 T`Q/m+i `mH2-
Ti[f(x)g(x)] = g(x)Tif(x) + f(x)Tig(x). UkXkX9V
h?2 .mMFH GTH+BM Bb  ;2M2`HBxiBQM Q7 i?2 GTH+BM BM r?B+? 2p2`v
T`iBH /2`BpiBp2 Bb `2TH+2/ #v  .mMFH QT2`iQ`-
∆ :=
N∑
i=1
∂2
∂x2i
→
N∑
i=1
T 2i . UkXkX8V
.mMFH (dj) T`Qp2/ i?i i?2 2tTHB+Bi 7Q`K Q7 i?2 .mMFH GTH+BM Bb
N∑
i=1
T 2i f(x) = ∆f(x)+2
∑
α∈R+
k(α)
[α ·∇f(x)
α · x −
α2
2
(1− σα)f(x)
(α · x)2
]
. UkXkXeV
*QMbB/2` M `#Bi``v Q`i?QMQ`KH #b2 Q7 RN - {θi}Ni=1X .2MQi2 i?2 ji?
+QKTQM2Mi Q7 θi #v θji- M/ i?2 Ki`Bt 7Q`K2/ #v i?2 #bBb p2+iQ`b b +QHmKMb
R3
#v ΘX h?2M- QM2 ?b
N∑
i=1
T 2θif(x) =
∑
1≤i,j,l≤N
θjiθliTjTlf(x) =
∑
1≤j,l≤N
[ΘTΘ]jlTjTlf(x)
=
N∑
j=1
T 2j f(x). UkXkXdV
h?2`27Q`2- i?2 .mMFH GTH+BM Bb BM/2T2M/2Mi Q7 i?2 Q`i?QMQ`KH #bBb +?Q@
b2M iQ +H+mHi2 BiX
kXj .mMFH T`Q+2bb2b
.mMFH T`Q+2bb2b `2 /2}M2/ (eR) b i?2 J`FQp T`Q+2bb2b r?B+? Q#2v i?2
.mMFH ?2i 2[miBQM
∂
∂t
− 1
2
N∑
i=1
T 2i = 0 UkXjXRV
b i?2B` #+Fr`/ EQHKQ;Q`Qp 2[miBQM U"E1VX .2MQiBM; i?2 i`MbBiBQM /2M@
bBiv Q7  .mMFH T`Q+2bb ;QBM; 7`QK i?2 TQbBiBQM x iQ i?2 TQbBiBQM y BM  iBK2
t #v p(t,y|x)- i?2 "E1 Bb ;Bp2M 2tTHB+BiHv #v
∂
∂t
p(t,y|x) = 1
2
N∑
i=1
T 2i p(t,y|x)
=
1
2
∆p(t,y|x) +
∑
α∈R+
k(α)
[α ·∇
α · x p(t,y|x)−
1− σα
(α · x)2p(t,y|x)
]
. UkXjXkV
HH i?2 QT2`M/b +i QM i?2 p`B#H2 x BM i?Bb 2[miBQMX aQK2 Q7 i?2 ;2M2`H
T`QT2`iB2b Q7 i?2b2 T`Q+2bb2b +M #2 `2/ Qz 7`QK 2+? Q7 i?2 i2`Kb BM i?Bb
2[miBQM, i?2 }`bi i2`K Bb  bBKTH2 /BzmbBQM i2`K- r?BH2 i?2 b2+QM/ i2`K Bb 
/`B7i i2`K r?B+? /`Bp2b i?2 T`Q+2bb BM i?2 /B`2+iBQMb ;Bp2M #v i?2 `QQib Q7 RX
h?2 i?B`/ i2`K Bb  /Bz2`2M+2 i2`K r?B+? ;2M2`i2b  T`Q##BHBiv ~Qr 7`QK
i?2 TQBMi x iQ i?2 TQBMib {σαx}α∈R+X h?Bb K2Mb i?i .mMFH T`Q+2bb2b `2
/Bb+QMiBMmQmb- M/ i?i i?2v DmKT iQ Mv QM2 Q7 i?2 `2~2+i2/ TQbBiBQMb ;2M@
2`i2/ #v i?2 `QQi bvbi2KX h?2 +Q``2bTQM/BM; 7Q`r`/ EQHKQ;Q`Qp 2[miBQM
RN
U6E1V Bb ;Bp2M #v
∂
∂t
p(t,y|x) = 1
2
∆(y)p(t,y|x)−
∑
α∈R+
k(α)
α ·∇(y)p(t,y|x)
α · y
+
∑
α∈R+
k(α)
α2
2
p(t,y|x) + p(t,σαy|x)
(α · y)2 . UkXjXjV
h?Qm;? i?2`2 Bb H+F Q7 T?vbB+H BMimBiBQM Q` BMi2`T`2iiBQM 7Q` i?2 DmKTb
BM .mMFH T`Q+2bb2b- i?2`2 `2 bQK2 r2HH@FMQrM 7+ib #Qmi i?2K (d8)X h?2
KQbi BKTQ`iMi Bb i?2 7+i i?i i 2p2`v BM}MBi2bBKH iBK2 BM+`2K2Mi- i?2
T`Q+2bb DmKTb i KQbi QM+2- M/ B7 i?2 TQbBiBQMb Q7 i?2 T`Q+2bb #27Q`2 M/
7i2` i?2 DmKT `2 x M/ y- `2bT2+iBp2Hv- QM2 +M Hrvb }M/  `QQi α bm+?
i?i y = σαxX h?Bb K2Mb i?i i?2 DmKTb Q7 i?2 .mMFH T`Q+2bb2b +M #2
2HBKBMi2/ #v +QMbB/2`BM; i?2 ǳ`/BHǴ T`i Q7 i?2 i`D2+iQ`v Q7 i?2 T`Q+2bb
(ej)X
6B;m`2 kXjXR, 1tKTH2 Ti? Q7  .mMFH T`Q+2bb QM i?2 `QQi bvbi2K A2X PM
i?2 H27i T`i Q7 i?2 };m`2- i?2 T`Q+2bb +QKTH2i2b i?2 #Hm2 Ti? #27Q`2 KFBM;
 DmKT- M/ +QMiBMm2b KQpBM; HQM; i?2 `2/ Ti? BM  /Bz2`2Mi `2;BQM Q7
bT+2X PM i?2 `B;?i T`i Q7 i?2 };m`2- i?2 `/BH Q` +QMiBMmQmb T`i Q7 i?2
T`Q+2bb Bb Q#iBM2/ #v TTHvBM; i?2 bK2 `2~2+iBQM i?i T`QpQF2/ i?2 DmKT
Uσα BM i?Bb +b2V- #`BM;BM; i?2 T`Q+2bb #+F iQ i?2 2M/ Q7 i?2 #Hm2 +m`p2 M/
7Q`+BM; Bi iQ /2b+`B#2  +QMiBMmQmb +m`p2X h?2 r2/;2 QM i?2 H27i bB/2 Q7 #Qi?
bB/2b Q7 i?2 };m`2 Bb i?2 q2vH +?K#2` C BM i?Bb +b2X
AMimBiBp2Hv- `/BH .mMFH T`Q+2bb2b `2 Q#iBM2/ #v T`QD2+iBM; i?2 Ti? Q7
ky
 .mMFH T`Q+2bb QMiQ  bm#b2i Q7 RN +HH2/ i?2 q2vH +?K#2`- /2}M2/ #v
C = {x ∈ RN : x ·α > 0 ∀α ∈ R+}. UkXjX9V
h?2 T`Q+2/m`2 Bb b 7QHHQrb, i?2 .mMFH T`Q+2bb Bb bi`i2/ 7`QK  TQBMi rBi?BM
C- M/ Bib Ti? Bb 7QHHQr2/ mMiBH  DmKT Q++m`bX 7i2` i?2 DmKT- i?2 T`Q+2bb
Bb T`QD2+i2/ #+F iQ i?2 q2vH +?K#2` #v `2~2+iBM; i?2 Ti? mbBM; i?2 +Q`@
`2+i QT2`iQ` σα Ub22 6B;X kXjXRVX _2T2iBM; i?Bb T`Q+2/m`2 7Q` 2p2`v DmKT
;Bp2b  i`D2+iQ`v i?i Bb +QMiBMmQmb M/ +QMiBM2/ BM CX *QMb2[m2MiHv-
i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  `/BH .mMFH T`Q+2bb Bb W @BMp`BMiX
h?i Bb- i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  `/BH .mMFH T`Q+2bb- /2MQi2/
#v P (t,y|x)- Bb `2Hi2/ iQ i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  MQM@`/BH
.mMFH T`Q+2bb #v i?2 2[miBQM
P (t,y|x) =
∑
ρ∈W
p(t,y|ρx). UkXjX8V
h?2 `2bQM 7Q` i?Bb `2HiBQM Bb i?i i?2 DmKTb ;2M2`i2  T`Q##BHBiv ~Qr 7`QK
 TQBMi x iQ i?2 b2i Q7 TQBMibWx- M/ i?2 bmK QM i?2 `X?XbX #HM+2b i?2 ~Qr
Q7 T`Q##BHBiv BMiQ M/ Qmi Q7 CX PM2 rv iQ b22 i?Bb Bb i?i p(t,y|x) Bb /2}M2/
iQ #2 MQ`KHBx2/ Qp2` RN - M/ #v +QMbi`m+iBQM- P (t,y|x) Bb MQ`KHBx2/ Qp2`
CX
h?2 "E1 Q7  `/BH .mMFH T`Q+2bb Bb Q#iBM2/ 7`QK 1[bX UkXjXkV M/
UkXjX8VX lbBM; i?2 QT2`iQ` ∑ρ∈W ρ QM 1[X UkXjXkV- M/ KFBM; Bi +i QM x-
QM2 Q#iBMb
∂
∂t
P (t,y|x) = ∂
∂t
∑
ρ∈W
p(t,y|ρx) = 1
2
N∑
i=1
∑
ρ∈W
ρ[T 2i p(t,y|x)]
=
1
2
N∑
i=1
T 2i
∑
ρ∈W
p(t,y|ρx) = 1
2
∆P (t,y|x) +
∑
α∈R+
k(α)
α ·∇
α · x P (t,y|x).
UkXjXeV
h?2 i?B`/ 2[mHBiv 7QHHQrb 7`QK 1[X UkXkXdV M/ i?2 Hbi 2[mHBiv 7QHHQrb 7`QK
i?2 W @BMp`BM+2 Q7 P (t,y|x)X
Ai Bb  FMQrM 7+i (e9) i?i i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ i?2
BMi2`+iBM; "2bb2H T`Q+2bb2b `2 `2HBx2/ b i?2 `/BH .mMFH T`Q+2bb2b Q7
ivT2 A M/ B `2bT2+iBp2Hv- T`QpB/2/ i?i i?2 KmHiBTHB+Biv 7mM+iBQM k(α) Bb
+?Qb2M TT`QT`Bi2HvX *QMbB/2` }`bi i?2 BMi2`+iBM; "`QrMBM KQiBQMbX h?2
`QQi bvbi2K Q7 ivT2 A Bb ;Bp2M #v
A = {αij = ei − ej : 1 ≤ i )= j ≤ N}. UkXjXdV
kR
h?2 TQbBiBp2 bm#bvbi2K Bb +?Qb2M b
A+ = {αij = ei − ej : 1 ≤ j < i ≤ N} UkXjX3V
r?2`2 ei /2MQi2b i?2 ii? mMBi #b2 p2+iQ`X G2i mb mb2 i?2 MQiiBQM σαij = σij
7Q` i?Bb T`iB+mH` `QQi bvbi2KX LQi2 i?i i?2 2z2+i Q7 σij QM M `#Bi``v
p2+iQ` x Bb i?i Q7 2t+?M;BM; Bib ii? M/ ji? +QKTQM2MibX hQ b22 i?Bb-
+QKTmi2 i?2 li? +QKTQM2Mi Q7 σijx,
(σijx)l = xl − (xi − xj)(δil − δjl). UkXjXNV
Ai Bb 2bv iQ b22 i?i xl `2KBMb mM+?M;2/ 7Q` l )= i, j- i?i (σijx)i = xj M/
i?i (σijx)j = xiX h?2`27Q`2- i?2 ;`QmT ;2M2`i2/ #v i?2 `2~2+iBQMb HQM;
i?2 2H2K2Mib Q7 A rBi? +QKTQbBiBQM b i?2 ;`QmT QT2`iBQM Bb i?2 bvKK2i`B+
;`QmT SN X
AM pB2r Q7 i?Bb T`QT2`iv Q7 A- Bi 7QHHQrb i?i Mv `QQi +M #2 Q#iBM2/ 7`QK
i KQbi irQ `2~2+iBQMb Q7 Mv Qi?2` `QQi-  7+i i?i Bb T`Qp2/ b 7QHHQrbX
*QMbB/2` M `#Bi``v `QQi αij M/ TTHv iQ Bi i?2 `2~2+iBQM σmj- rBi? m
`#Bi``vX h?Bb `2~2+iBQM 2t+?M;2b i?2 ji? M/ i?2 mi? +QKTQM2Mib Q7 αij-
;BpBM; αimX PM2 KQ`2 `2~2+iBQM mbBM; σil- rBi? l `#Bi``v ;Bp2b αlm- b
/2bB`2/X aBM+2 k(α) Bb BMp`BMi mM/2` Mv Q7 i?2b2 `2~2+iBQMb- QM2 Q#iBMb
k(αij) = k(σmjσilαij) = k(αlm)
BM ;2M2`H- M/ i?2`27Q`2 Bi +M #2 +QM+Hm/2/ i?i k(α) Bb BM/2T2M/2Mi Q7 Bib
`;mK2Mi- bQ Bi Bb  bBM;H2 T`K2i2`X
h?2`27Q`2- i?2 .mMFH QT2`iQ`b Q7 ivT2 A `2 ;Bp2M #v
ATif(x) =
∂
∂xi
f(x) + k
N∑
j=1
j $=i
f(x)− f(σijx)
xi − xj , UkXjXRyV
M/ i?2 +Q``2bTQM/BM; "E1 Q7 i?2 `/BH .mMFH T`Q+2bb Q7 ivT2 A Bb ;Bp2M
#v
∂
∂t
PA(t,y|x) = 1
2
∆PA(t,y|x) + k
∑
1≤i $=j≤N
1
xi − xj
∂
∂xi
PA(t,y|x). UkXjXRRV
*QKT`BM; i?Bb 2[miBQM rBi? i?2 "E1 Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
(9j)-
∂
∂t
pA"J(t,y|x) = 1
2
∆pA"J(t,y|x) + β
2
∑
1≤i $=j≤N
1
xi − xj
∂
∂xi
pA"J(t,y|x),
UkXjXRkV
kk
Bi 7QHHQrb i?i i?2 `/BH .mMFH T`Q+2bb2b Q7 ivT2 A `2 2[mBpH2Mi UBM /Bb@
i`B#miBQMV iQ i?2 BMi2`+iBM; "`QrMBM KQiBQMb- T`QpB/2/ QM2 b2ib k = β/2X
>2M+27Q`i?- i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7 i?2 BMi2`+iBM; "`QrMBM
KQiBQMb rBHH #2 /2MQi2/ #v PA(t,y|x) r?BH2 bbmKBM; i?i k = β/2X
G2i mb +QMbB/2` MQr i?2 BMi2`+iBM; "2bb2H T`Q+2bb2bX h?2 `QQi bvbi2K Q7
ivT2 B Bb ;Bp2M #v
B = {±ei : 1 ≤ i ≤ N}∪{±(ei−ej),±(ei+ej) : 1 ≤ j < i ≤ N}. UkXjXRjV
h?2 TQbBiBp2 bm#bvbi2K Bb +?Qb2M b
B+ = {ei : 1 ≤ i ≤ N} ∪ {ei − ej, ei + ej : 1 ≤ j < i ≤ N}. UkXjXR9V
h?2 `2~2+iBQMb /2}M2/ #v i?2 `QQib Q7 B `2 ;Bp2M #v
σ±eix = (x1, . . . , xi−1,−xi, xi+1, . . . , xN),
σ±(ei−ej)x = (x1, . . . , xi−1, xj, xi+1, . . . , xj−1, xi, xj+1, . . . , xN),
σ±(ei+ej)x = (x1, . . . , xi−1,−xj, xi+1, . . . , xj−1,−xi, xj+1, . . . , xN). UkXjXR8V
h?2 }`bi `2~2+iBQM +?M;2b i?2 bB;M Q7 i?2 ii? +QKTQM2Mi- i?2 b2+QM/ `2~2+@
iBQM 2t+?M;2b i?2 ii? M/ ji? +QKTQM2Mib M/ i?2 i?B`/ `2~2+iBQM 2t+?M;2b
i?2 ii? M/ ji? +QKTQM2Mib M/ +?M;2b i?2B` bB;MbX G2i mb b2i i?2 MQiiBQMb
σ±ei = σˆi,
σ±(ei−ej)x = σij,
σ±(ei+ej)x = σˆiσˆjσij. UkXjXReV
h?2`27Q`2- i?2 `2~2+iBQM ;`QmT WB +QMiBMb HH i?2 T2`KmiiBQMb M/ bB;M
+?M;2b i?i +M #2 TTHB2/ iQ  p2+iQ` BM RN X
h?2`2 `2 irQ KmHiBTHB+BiB2b bbQ+Bi2/ rBi? B #2+mb2 i?2 `QQib {±ei}Ni=1
M/ i?2 `QQib {±ei±ej}1≤i $=j≤N #2HQM; iQ /Bz2`2Mi Q`#BibX G2i mb b2i k(ei) =
k0 M/ k(±ei ± ej) = k1X h?2M- i?2 .mMFH QT2`iQ` Q7 ivT2 B Bb ;Bp2M #v
BTif(x) =
∂
∂xi
f(x) + k0
f(x)− f(σˆix)
xi
k1
N∑
j=1
j $=i
[
f(x)− f(σijx)
xi − xj +
f(x)− f(σijσˆiσˆjx)
xi + xj
]
,UkXjXRdV
kj
M/ i?2 "E1 Q7 i?2 `/BH .mMFH T`Q+2bb Q7 ivT2 B `2/b
∂
∂t
PB(t,y|x) = 1
2
∆PB(t,y|x) + k0
N∑
i=1
1
xi
∂
∂xi
PB(t,y|x)
+ k1
N∑
j=1
j $=i
[ 1
xi − xj +
1
xi + xj
] ∂
∂xi
PB(t,y|x). UkXjXR3V
*QKT`BM; i?Bb 2[miBQM rBi? i?2 "E1 Q7 i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b
(8R)
∂
∂t
pA"S(t,y|x) = 1
2
∆pA"S(t,y|x) + β
2
[ N∑
i=1
2ν + 1
2xi
∂
∂xi
pA"S(t,y|x)
+
∑
1≤i $=j≤N
( 1
xi − xj +
1
xi + xj
) ∂
∂xi
pA"S(t,y|x)
]
, UkXjXRNV
Bi 7QHHQrb i?i 7Q` k0 = β(ν+1/2)/2 M/ k1 = β/2 i?2 `/BH .mMFH T`Q+2bb2b
Q7 ivT2 B M/ i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b `2 2[mBpH2Mi BM /Bbi`B#miBQMX
lMH2bb Qi?2`rBb2 MQi2/- i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7 i?2 BMi2`+iBM;
"2bb2H T`Q+2bb2b rBHH #2 /2MQi2/ PB(t,y|x) rBi? i?2 KmHiBTHB+BiB2b +?Qb2M b
BM/B+i2/ ?2`2X
LQi2 i?i 7Q` #Qi? i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q@
+2bb2b- i?2 KmHiBTHB+BiB2b k(α) `2 T`QTQ`iBQMH iQ β/2X "2+mb2 i?2 7`22xBM;
HBKBi +QMbBbib Q7 iFBM; i?2 HBKBi β →∞- Bi Bb M2+2bb`v iQ `2/2}M2 i?2 KmH@
iBTHB+BiB2b bQ i?i i?2v Kv #2 T`QTQ`iBQMH iQ i?2 BMp2`b2 i2KT2`im`2X h?Bb
Bb ++QKTHBb?2/ BM irQ bi2TbX 6B`bi- +?QQb2 QM2 T`iB+mH` `QQi α0 M/ b2i
k(α0) =
β
2
> 0. UkXjXkyV
a2+QM/- /2}M2  M2r KmHiBTHB+Biv 7mM+iBQM κ(α)- mbBM; i?2 2[miBQM
κ(α) :=
k(α)
k(α0)
> 0. UkXjXkRV
qBi? i?Bb- QM2 Q#iBMb i?2 2[miBQM
k(α) =
β
2
κ(α). UkXjXkkV
 [mMiBiv i?i TT2`b `2T2i2/Hv BM +H+mHiBQMb i?i BMpQHp2 .mMFH QT2`@
iQ`b Bb i?2 bmK Q7 i?2 KmHiBTHB+BiB2b Qp2` R+-∑
α∈R+
k(α). UkXjXkjV
k9
h?2 T`K2i2` γ Bb ;Bp2M #v
γ :=
∑
α∈R+
κ(α), UkXjXk9V
r?B+? ;Bp2b ∑
α∈R+
k(α) =
β
2
γ. UkXjXk8V
kX9 .mMFHǶb BMi2`irBMBM; QT2`iQ`
.mMFH QT2`iQ`b `2 `2Hi2/ iQ T`iBH /2`BpiBp2b #v i?2 BMi2`irBMBM;
QT2`iQ` Vβ- r?B+? Bb  HBM2` QT2`iQ` i?i +QMb2`p2b i?2 /2;`22 Q7 ?QKQ;2@
M2Qmb TQHvMQKBHbX Ai Bb /2}M2/ #v i?2 `2HiBQM
TiVβf(x) = Vβ
[ ∂
∂xi
f(x)
]
, UkX9XRV
M/ Bi Bb MQ`KHBx2/ #v i?2 `2HiBQM Vβ1 = 1X h?Bb QT2`iQ` rb BMi`Q/m+2/ #v
.mMFH BM (ee) Ub22 HbQ (dj)V- M/ Bi Bb  TQr2`7mH iQQH r?B+? HHQrb QM2 iQ i`2i
.mMFH QT2`iQ`b BM HKQbi i?2 bK2 rv b T`iBH /2`BpiBp2bX >Qr2p2`- i?2
2tTHB+Bi ;2M2`H 7Q`K Q7 i?2 BMi2`irBMBM; QT2`iQ` Bb mMFMQrMX Aib 7Q`K Bb
FMQrM- 2X;X- BM i?2 QM2@/BK2MbBQMH +b2 (ee) M/ 7Q` i?2 `QQi bvbi2K Q7 ivT2
A BM i?`22 /BK2MbBQMb UA2V (de)X q?BH2 bQK2 T`Q;`2bb ?b #22M +?B2p2/
BM `2+2Mi v2`b (ed)- i?2 ;2M2`H 2tTHB+Bi 2z2+i Q7 Vβ QM `#Bi``v 7mM+iBQMb
`2KBMb M QT2M [m2biBQMX
h?2 KQbi BKTQ`iMi T`QT2`iB2b Q7 Vβ `2 HBbi2/ b 7QHHQrbX Vβ +QKKmi2b
rBi? i?2 +iBQM Q7 ρ ∈ W -
Vβ = ρ
TVβρ. UkX9XkV
h?Bb 7QHHQrb 7`QK i?2 7+i i?i i?2 QT2`iQ` QM i?2 `X?XbX biBb}2b 1[X UkX9XRVX
AM //BiBQM-  i?2Q`2K #v _ƺbH2` (dd) ;Bp2b #QmM/b 7Q` 7mM+iBQMb /27Q`K2/ #v
i?2 BMi2`irBMBM; QT2`iQ`X h?2 bT+2 Q7 7mM+iBQMb +QMbB/2`2/ 7Q` i?Bb T`QT2`iv
Bb /2MQi2/ #v Ar- M/ Bi Bb /2}M2/ mbBM; b2p2`H Ki?2KiB+H Q#D2+ibX .2MQi2
#v PNn i?2 b2i Q7 ?QKQ;2M2Qmb TQHvMQKBHb QM x ∈ RN Q7 /2;`22 nX .2}M2
#v Kr = {x ∈ RN : |x| ≤ r} i?2 N @/BK2MbBQMH #HH Q7 `/Bmb r- M/ /2MQi2
#v ||g||∞,Kr i?2 KtBKmK pHm2 Q7 |g(x)| rBi?BM KrX h?2M- Ar Bb /2}M2/ b
i?2 b2i Q7 HH 7mM+iBQMb g : Kr → C bm+? i?i
g(x) =
∞∑
n=0
gn(x), rBi? gn(x) ∈ PNn UkX9XjV
k8
M/ ∞∑
n=0
||gn||∞,Kr <∞. UkX9X9V
h?2 i?2Q`2K Bb bii2/ b 7QHHQrbX
S`QTQbBiBQM kX9XRX Uh?KX RXk M/ *Q`X 8Xj BM (dd)V 7Q` β,κ ≥ 0 M/ 7Q`
2p2`v x ∈ RN - i?2`2 Bb  mMB[m2 T`Q##BHBiv K2bm`2 µx QM i?2 "Q`2H σ@H;2#`
Q7 RN bm+? i?i
Vβg(x) =
∫
RN
g(ξ) /µx(ξ) UkX9X8V
7Q` HH 7mM+iBQMb g(x) ∈ A|x|X h?Bb K2bm`2 biBb}2b
µrx(B) = µx(r
−1B) M/ µρx(B) = µx(ρ−1B) UkX9XeV
7Q` HH r > 0 M/ ρ ∈ W - M/ Bib bmTTQ`i Bb ;Bp2M #v
bmTT(µx) = +Q(Wx). UkX9XdV
>2`2- +Q(Wx) /2MQi2b i?2 +QMp2t ?mHH Q7 i?2 b2iWx = {z : ∃ρ ∈ W, z = ρx}X
h?2 7+i i?i Vβg(x) Bb #QmM/2/- b `2K`F2/ BM (dj- TX Ree)- Bb  +QMb2@
[m2M+2 Q7 i?Bb i?2Q`2KX
|Vβg(x)| ≤
∫
RN
|g(ξ)| /µx(ξ) ≤ bmT
ξ∈+Q(Wx)
|g(ξ)|, UkX9X3V
7Q` HH g(x) ∈ ArX h?Bb #QmM/ /Q2b MQi /2T2M/ QM β > 0- r?B+? K2Mb i?i
i?2 HBKBi HBKβ→∞ Vβg(x) = V∞g(x) Bb r2HH@/2}M2/ r?2M2p2` g(x) Bb #QmM/2/
7Q` }MBi2 xX
AM i?2 +QMi2ti Q7 .mMFH T`Q+2bb2b- Vβ Bb Q7 ;`2i BKTQ`iM+2 #2+mb2 Bi
/27Q`Kb i?2 "E1 Q7  KmHiB/BK2MbBQMH 7`22 "`QrMBM KQiBQM Ui?2 ?2i 2[m@
iBQMV BMiQ i?2 "E1 Q7  .mMFH T`Q+2bb Ui?2 .mMFH ?2i 2[miBQMV b 7QHHQrbX
h?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  "`QrMBM KQiBQM BM N /BK2MbBQMb Bb
;Bp2M #v i?2 ?2i F2`M2H
p"J(t,y|x) = 2
−(y−x)2/2t
(2pit)N/2
, UkX9XNV
r?B+? BM im`M Q#2vb i?2 ?2i 2[miBQM-( ∂
∂t
− 1
2
∆x
)
p"J(t,y|x) = 0. UkX9XRyV
ke
TTHvBM; Vβ 7`QK i?2 HX?XbX ;Bp2b
Vβ
( ∂
∂t
− 1
2
∆x
)
p"J(t,y|x) =
( ∂
∂t
− 1
2
N∑
i=1
T 2i
)
Vβp"J(t,y|x) = 0. UkX9XRRV
h?Bb K2Mb i?i Vβ +QMiBMb BM7Q`KiBQM QM i?2 /BbiBM+iBp2 72im`2b Q7 .mMFH
T`Q+2bb2bX h?2`27Q`2- iQ mM/2`biM/ i?2 Mim`2 Q7 .mMFH T`Q+2bb2b Bi Bb M2+@
2bb`v iQ mM/2`biM/ i?2 #2?pBQ` Q7 VβX P7 T`iB+mH` BKTQ`iM+2 Bb i?2
2z2+i Q7 Vβ QM i?2 2tTQM2MiBH 7mM+iBQM- HbQ +HH2/ i?2 .mMFH F2`M2HX
kX8 h?2 .mMFH F2`M2H
.2}M2 i?2 .mMFH F2`M2H #v
Eβ(x,y) := Vβ2x·y. UkX8XRV
h?2 .mMFH F2`M2H Bb i?2 MHQ; Q7 i?2 2tTQM2MiBH 7mM+iBQM 7Q` .mMFH QT2`@
iQ`b BM i?2 7QHHQrBM; b2Mb2X "v 1[X UkX9XRV-
TiEβ(x,y) = TiVβ2x·y = Vβ
( ∂
∂xi
2x·y
)
= Vβ(yi2x·y) = yiEβ(x,y). UkX8XkV
h?2`27Q`2- i?2 +iBQM Q7  .mMFH QT2`iQ` QM i?2 .mMFH F2`M2H Bb i?2 bK2
b i?2 +iBQM Q7  T`iBH /2`BpiBp2 QM i?2 2tTQM2MiBH Q7 x · yX LQi2 i?i
Eβ(ix,y) Bb #QmM/2/ b
|Vβ2Bx·y| ≤
∫
RN
|2Bξ·y| /µx(ξ) = 1, UkX8XjV
r?2`2 µx(ξ) Bb i?2 K2bm`2 bT2+B}2/ BM S`QTX kX9XRX Pi?2` mb27mH T`QT2`iB2b
Q7 i?2 .mMFH F2`M2H `2 HBbi2/ b 7QHHQrbc 7Q` c ∈ C M/ ρ ∈ W -
Eβ(x,y) = Eβ(y,x), UkX8X9V
Eβ(cx,y) = Eβ(x, cy), UkX8X8V
Eβ(ρx, ρy) = Eβ(x,y), UkX8XeV
Eβ(x,y)
† = Eβ(x†,y†), UkX8XdV
r?2`2 † BM/B+i2b +QKTH2t +QMDm;iBQMX 6BMHHv- i?2 7QHHQrBM; `2HiBQM /m2 iQ
.mMFH Ub22 (d9)V Bb HBbi2/ ?2`2 7Q` mb2 BM Hi2` +?Ti2`b-
1
cβ
∫
RN
Vβ[2x·y]Vβ[2x·z]2−x2/2wβ(x) /x = 2(y2+z2)/2Vβ2y·z. UkX8X3V
h?Bb 2tT`2bbBQM Bb BM MQ rv i`BpBH- M/ Bi Bb HbQ Q7 ;`2i mb2 BM Hi2` +?Ti2`b-
T`iB+mH`Hv *?Ti2` 9X h?2 T`QQ7 Q7 1[X UkX8X3V Bb ;Bp2M BM TT2M/Bt X
"2+mb2 i?2 .mMFH F2`M2H rBi? QM2 BK;BM`v `;mK2Mi Bb #QmM/2/- Bi Bb
mb27mH 7Q` i?2 /2}MBiBQM Q7 i?2 .mMFH ;2M2`HBxiBQM Q7 i?2 6Qm`B2` i`Mb7Q`KX
kd
kXe h?2 .mMFH i`Mb7Q`K
h?2 .mMFH i`Mb7Q`K Bb  ;2M2`HBxiBQM Q7 i?2 6Qm`B2` i`Mb7Q`K ;Bp2M
#v i?2 2[miBQM
fˆ(ξ) :=
1
cβ
∫
RN
f(x)Vβ2−Bξ·xwβ(x) /x, UkXeXRV
r?2`2 i?2 r2B;?i 7mM+iBQM wβ M/ i?2 MQ`KHBxiBQM +QMbiMi cβ `2 ;Bp2M
#v
wβ(x) :=
∏
α∈R+
|α · x|βκ(α) UkXeXkV
M/
cβ :=
∫
RN
2−x2/2wβ(x) /x, UkXeXjV
`2bT2+iBp2HvX h?Bb BMi2;`H Bb FMQrM 7Q` KMv /Bz2`2Mi +b2b- M/ Bi Bb FMQrM
b  a2H#2`; BMi2;`H (j9)X h?2 BMp2`b2 .mMFH i`Mb7Q`K Bb ;Bp2M HKQbi 2p@
2`vr?2`2 #v
f(x)
X2X
= [fˆ ]ˇ(x) :=
1
cβ
∫
RN
fˆ(ξ)Vβ2Bξ·xwβ(ξ) /ξ UkXeX9V
M/ i?Bb 2[mHBiv ?QH/b 7Q` HH TQBMib B7 f(x) Bb +QMiBMmQmbX h?2 .mMFH i`Mb@
7Q`K Bb p2`v bBKBH` iQ i?2 6Qm`B2` i`Mb7Q`K BM KMv `2bT2+ib- M/ Bi Bb
T`iB+mH`Hv mb27mH 7Q` bQHpBM; i?2 .mMFH ?2i 2[miBQMX
kXd _2T`2b2MiiBQMb Q7 i?2 i`MbBiBQM T`Q#@
#BHBiv /2MbBiv
 b?Q`i /2`BpiBQM Q7 i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  .mMFH T`Q+2bb
rBHH #2 ;Bp2M ?2`2X  KQ`2 /2iBH2/ M/ `B;Q`Qmb /2`BpiBQM Bb ;Bp2M BM (dd)
M/ (d9)X *QMbB/2` i?2 6Qm`B2` `2T`2b2MiiBQM Q7 i?2 ?2i F2`M2H-
p"J(t,y|x) = 1
(2pi)N
∫
RN
2−tξ2/22By·ξ2−Bx·ξ /ξ. UkXdXRV
h?Bb `2T`2b2MiiBQM Bb- 2bb2MiBHHv- i?2 BMp2`b2 6Qm`B2` i`Mb7Q`K Q7 i?2 7mM+@
iBQM 2−tξ2/22−Bx·ξX AM MHQ;v rBi? i?Bb 7Q`KmH- +QMbB/2` i?2 7mM+iBQM
Γ(t,x,y) =
1
c2β
∫
RN
2−tξ2/2Vβ[2By·ξ]Vβ[2−Bx·ξ]wβ(ξ) /ξ. UkXdXkV
k3
"v +QMbi`m+iBQM- i?Bb 7mM+iBQM bQHp2b i?2 .mMFH ?2i 2[miBQM-
∂
∂t
Γ(t,x,y) =
−1
c2β
∫
RN
ξ2
2
2−tξ2/2Vβ[2By·ξ]Vβ[2−Bx·ξ]wβ(ξ) /ξ
=
1
c2β
∫
RN
2−tξ2/2Vβ[2By·ξ]Vβ
[1
2
∆2−Bx·ξ
]
wβ(ξ) /ξ
=
1
2
N∑
i=1
T 2i
1
c2β
∫
RN
2−tξ2/2Vβ[2By·ξ]Vβ[2−Bx·ξ]wβ(ξ) /ξ
=
1
2
N∑
i=1
T 2i Γ(t,x,y). UkXdXjV
lbBM; 1[X UkX8X3V QM2 Q#iBMb
Γ(t,x,y) =
2−(y2+x2)/2t
cβt(βγ+N)/2
Vβ2x·y/t. UkXdX9V
AM ;2M2`H- Γ(t,x,y) Bb MQi MQ`KHBx2/ r?2M Bi Bb BMi2;`i2/ rBi? `2bT2+i
iQ yX >Qr2p2`- wβ(y)Γ(t,x,y) Bb MQ`KHBx2/-∫
RN
wβ(y)Γ(t,x,y) /y = 2
−x2/2t
cβt(βγ+N)/2
∫
RN
2−y2/2tVβ2x·y/twβ(y) /y
= 2−x2/2t2x2/2t = 1. UkXdX8V
1[miBQM UkX8X3V rb mb2/ iQ Q#iBM i?2 }`bi 2[mHBiv BM i?2 b2+QM/ HBM2X
h?mb- QM2 Q#iBMb
p(t,y|x) = wβ(y)Γ(t,x,y) = wβ
(
y√
t
) 2−(y2+x2)/2t
cβtN/2
Vβ 2tT
(x · y
t
)
. UkXdXeV
1[mBpH2MiHv- 7`QK 1[X UkXdXkV QM2 ?b
p(t,y|x) = wβ(y)
c2β
∫
RN
2−tξ2/2[Vβ2By·ξ][Vβ2−Bx·ξ]wβ(ξ) /ξ. UkXdXdV
h?2`27Q`2- i?2 i`MbBiBQM T`Q##BHBiv /2MbBiv Q7  `/BH .mMFH T`Q+2bb Bb ;Bp2M
#v
P (t,y|x) = wβ
(
y√
t
) 2−(y2+x2)/2t
cβtN/2
∑
ρ∈W
Vβ 2tT
(ρx · y
t
)
. UkXdX3V
h?2 Ki?2KiB+H Q#D2+ib `2[mB`2/ iQ r`Bi2 /QrM i?2 i`MbBiBQM T`Q#@
#BHBiv /2MbBiB2b Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b `2
kN
bmKK`Bx2/ BM i?2 7QHHQrBM; i#H2X *`2 Kmbi #2 iF2M rBi? i?2 /QKBM Q7
/2}MBiBQM Q7 P (t,y|x)- b i?Bb /2MbBiv Bb MQ`KHBx2/ iQ QM2 B7 Bi Bb BMi2;`i2/
Qp2` i?2 q2vH +?K#2` C- #mi Bi Bb MQ`KHBx2/ iQ |W | r?2M BMi2;`i2/ Qp2`
RN X
AMi2`X "`QrMBM JQiBQMb AMi2`+iBM; "2bb2H T`Q+2bb2b
wA(x) =
∏
1≤i<j≤N
|xj − xi|β wB(x) =
N∏
i=1
|xi|β(ν+1/2)
∏
1≤i<j≤N
|x2j − x2i |β
γA = N(N − 1)/2 γB = N(N + ν − 1/2)
cA =
N∏
j=1
√
2piΓ(1 + j β2 )
Γ(1 + β2 )
cB = 2
βγB+N
2
N∏
j=1
Γ(1 + j β2 )Γ[
β
2 (ν + j − 12) + 12 ]
Γ(β2 + 1)
CA = {x : x1 < . . . < xN} CB = {x : 0 < x1 < . . . < xN}
h#H2 kXR, q2B;?i 7mM+iBQM wβ(x)- i?2 bmK Q7 KmHiBTHB+BiB2b γ- MQ`KHBxiBQM
+QMbiMi cβ M/ q2vH +?K#2` C 7Q` i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/
"2bb2H T`Q+2bb2bX >2`2- x ∈ RN - M/ cβ Bb ;Bp2M #v i?2 a2H#2`; BMi2;`Hb (j9-
TX jkR)X
jy
*?Ti2` j
*Q``2bTQM/2M+2 rBi? i?2
*HQ;2`Q@JQb2` bvbi2Kb
h?2 Tm`TQb2 Q7 i?Bb +?Ti2` Bb iQ T`Qp2 i?i i?2`2 2tBbib  +Q``2bTQM/2M+2
#2ir22M .mMFH T`Q+2bb2b M/ i?2 *HQ;2`Q@JQb2` U*JV bvbi2Kb QM  ;Bp2M
`QQi bvbi2K- M/ mb2 i?i +Q``2bTQM/2M+2 iQ Q#iBM BM7Q`KiBQM +QM+2`MBM;
.mMFH T`Q+2bb2b BM #Qi? i?2 bi2/v bii2 M/ i?2 7`22xBM; `2;BK2X
jXR S`QQ7 Q7 i?2 +Q``2bTQM/2M+2
lM/2` M `#Bi``v `QQi bvbi2K R- i?2 *J bvbi2Kb QM  HBM2 rBi? 
?`KQMB+ #+F;`QmM/ TQi2MiBH M/ M BMp2`b2@b[m`2 `2TmHbBQM TQi2MiBH `2
;Bp2M #v i?2 >KBHiQMBM Ub22- 2X;X- (d3)V
HR*J = −
1
2
∆(x) +
β
2
∑
α∈R+
α2
2
κ(α)[βκ(α)/2− σα]
(α · x)2 +
ω2
2
N∑
i=1
x2i , UjXRXRV
r?2`2 HH i?2 T`iB+H2b ?p2 mMBi Kbb- M/ ń= 1X
.mMFH QT2`iQ`b ?p2 #22M mb2/ b  iQQH iQ T`Qp2 i?2 BMi2;`#BHBiv Q7 i?2
*J bvbi2Kb (8j)X Ai ?b #22M b?QrM mM/2` b2p2`H `QQi bvbi2Kb (ey) i?i
7i2` TTHvBM;  bBKBH`Biv i`Mb7Q`KiBQM UmbBM; i?2 ;`QmM/ bii2 2B;2M7mM+@
iBQMV- i?2 >KBHiQMBM Q7 i?2 *J bvbi2K Bb 2tT`2bb2/ b  .mMFH GTH+BM
THmb  `2biQ`BM; i2`K Q7 i?2 7Q`K x ·∇X PM2 +M i?2M }M/ i?2 TQHvMQKBH
2B;2M7mM+iBQMb 7Q` i?2 i`Mb7Q`K2/ >KBHiQMBM b bii2/ BM (8N) M/ b?QrM
BM (e8)X h?2 Q#D2+iBp2 Bb iQ i`Mb7Q`K i?2 6E1 Q7  .mMFH T`Q+2bb BMiQ i?2
a+?`ƺ/BM;2` 2[miBQM Q7 i?2 *J bvbi2KbX
h?2 /BzmbBQM@b+HBM; i`Mb7Q`KiBQM Bb /2}M2/ b 7QHHQrbX AM pB2r Q7 i?2
i`Mb7Q`KiBQM Q7  bBKTH2 "`QrMBM KQiBQM BMiQ  QM2@/BK2MbBQMH [mM@
imK ?`KQMB+ Qb+BHHiQ` BM BK;BM`v iBK2 T`QTQb2/ BM (9j)- +QMbB/2` i?2
jR
bm#biBimiBQM ;Bp2M #v
(t,y)→ (τ, ζ) =
(
HQ; t
2ω
,
y√
2ωt
)
. UjXRXkV
LQi2 i?i i?2 bTiBH p`B#H2 y Bb b+H2/ #v  7+iQ` Q7 √tX .2MQi2 i?2
/2MbBiv Q7 i?2 .mMFH T`Q+2bb i  iBK2 t 7Q`  ;Bp2M BMBiBH /Bbi`B#miBQM #v
f(t,y)X h?2 /BzmbBQM@b+HBM; i`Mb7Q`KiBQM +QMbBbib Q7 T2`7Q`KBM; i?2 p`B@
#H2 bm#biBimiBQM
f [t(τ, ζ,ω),y(τ, ζ,ω)] = f(τ, ζ), UjXRXjV
M/ TTHvBM; i?2 bBKBH`Biv i`Mb7Q`KiBQM
f(τ, ζ) = 2tT[−W (τ, ζ)]U(τ, ζ) UjXRX9V
rBi? W (τ, ζ) ;Bp2M #v
W (τ, ζ) =
1
2
ω
N∑
i=1
ζ2i −
β
2
∑
α∈R+
κ(α) HQ; |α · ζ|+ ωNτ. UjXRX8V
"2+mb2 i?2 b+HBM; Bb BbQi`QTB+- Bi Bb BM/2T2M/2Mi Q7 i?2 `QQi bvbi2K RX
S`QTQbBiBQM jXRXRX h?2 /BzmbBQM@b+HBM; i`Mb7Q`KiBQM ;Bp2M #v UjXRXkV-
UjXRX9V- M/ UjXRX8V i`Mb7Q`Kb i?2 .mMFH T`Q+2bb QM i?2 `QQi bvbi2K R BMiQ
i?2 *J bvbi2K rBi? ?`KQMB+ +QM}M2K2Mi QM i?2 bK2 `QQi bvbi2K 2pQHpBM;
BM BK;BM`v iBK2X
S`QQ7X G2i mb i`Mb7Q`K i?2 E61 UkXjXjVX h?2 /2`BpiBp2b BM iBK2 M/ bT+2
BM i2`Kb Q7 i?2 M2r p`B#H2b `2 ;Bp2M #v
∂
∂t
=
1
2ωt
∂
∂τ
− 1
2t
ζ ·∇(ζ),
∂
∂yi
=
1√
2ωt
∂
∂ζi
. UjXRXeV
h?2 /Bz2`2MiBH QT2`iQ`b i?i `2bmHi 7`QK BMb2`iBM; i?2 #Qp2 BM UkXjXjV `2
jk
i`Mb7Q`K2/ #v UjXRX9V b 7QHHQrb,
2W ∂
∂τ
2−W = ∂
∂τ
− ωN,
2W ∂
∂ζi
2−W = ∂
∂ζi
− ωζi + β
2
∑
α∈R+
κ(α)
α · ζαi,
2W∆(ζ)2−W = ∆(ζ) + 2
(
β
2
∑
α∈R+
κ(α)
α · ζα− ωζ
)
·∇(ζ) + ω2ζ2
−(βγ +N)ω + β
2
4
∑
α∈R+
∑
ξ∈R+
κ(α)κ(ξ)
(α · ζ)(ξ · ζ)α · ξ
−β
2
∑
α∈R+
κ(α)
(α · ζ)2α
2. UjXRXdV
h?2`27Q`2- BMb2`iBM; UjXRXeV M/ UjXRXdV bm++2bbBp2Hv BM UkXjXjV vB2H/b
∂
∂τ
U(τ, ζ) =
1
2
∆(ζ)U(τ, ζ) +
ω
2
[βγ +N − ωζ2]U(τ, ζ)
+
β
2
∑
α∈R+
α2
2
κ(α)
(α · ζ)2U(τ, σαζ)
−β
2
4
∑
α∈R+
∑
ξ∈R+
α · ξ
2
κ(α)κ(ξ)
(α · ζ)(ξ · ζ)U(τ, ζ). UjXRX3V
h?2 /Qm#H2 bmK BM i?2 #QiiQK i2`K Q7 i?2 2[miBQM #Qp2 +M #2 bBKTHB}2/
#2+mb2 HH i?2 i2`Kb r?2`2 α )= ξ +M+2H 2+? Qi?2` Ub22 G2KK 9X9Xe Q7
(dj)VX "v /2MQiBM; i?2 ;`QmM/@bii2 2M2`;v #v ERy = ω(βγ+N)/2 M/ mbBM;
HR*J rBi? ζ BMbi2/ Q7 x- r2 }MHHv Q#iBM
− ∂
∂τ
U(τ, ζ) = [HR*J − ERy ]U(τ, ζ), UjXRXNV
b /2bB`2/X
_2K`F, i?Bb T`QQ7 BMpQHp2b QMHv bi`B;?i7Q`r`/ +H+mHiBQMb- rBi? i?2
MQi#H2 2t+2TiBQM Q7 i?2 bi2T `2[mB`2/ iQ bBKTHB7v i?2 /Qm#H2 bmK BM UjXRX3VX
h?Bb Bb T2`?Tb i?2 KQbi BKTQ`iMi T`i Q7 i?2 T`QQ7- M/ Bi Bb MQi i`BpBHX
h?2 bBKTH2bi +b2 Bb r?2M R Bb i?2 `QQi bvbi2K Q7 ivT2 A Ub22- 2X;X- (8j)-
S`QTQbBiBQM RRXjXRVX LQi2 HbQ i?i S`QTQbBiBQM jXRXR QMHv `2[mB`2b i?i ω >
0X A7 ω = 0- i?2`2 Bb MQ M22/ iQ mb2 i?2 /BzmbBQM b+HBM; UjXRXkV- M/ QM2 Kv
bBKTHv TTHv  bBKBH`Biv i`Mb7Q`KiBQM QM i?2 .mMFH T`Q+2bb iQ Q#iBM i?2
mM+QM}M2/ *J bvbi2K QM i?2 bK2 `QQi bvbi2KX
jj
jXk h?2 bi2/v bii2
>pBM; 2bi#HBb?2/ S`QTX jXRXR- i?2 iBK2 2pQHmiBQM Q7 i?2 7mM+iBQM U(τ, ζ)
;Bp2M #v 1[X UjXRXNV BKTHB2b i?i 7i2`  HQM; iBK2- QMHv i?2 ;`QmM/@bii2
2B;2M7mM+iBQM bm`pBp2bX h?Bb K2Mb i?i f(τ, ζ)- b /2}M2/ BM 1[X UjXRX9V-
Kmbi +QMp2`;2 iQ  MQM@i`BpBH 7Q`K b τ →∞c b /2iBH2/ BM *?Ti2` 9- i?Bb
Bb i?2 b2Mb2 BM r?B+? i?2 bi2/v bii2 Bb /2}M2/ BM i?2 T`2b2Mi +QMi2tiX JQ`2
T`2+Bb2Hv- bmTTQb2 i?i i?2 2B;2M7mM+iBQMb Q7 HR*J `2 /2MQi2/ #v {ψη(ζ)}η-
M/ i?i i?2B` +Q``2bTQM/BM; 2B;2MpHm2b `2 /2MQi2/ #v {ERη }η- r?2`2 η Bb
 /Bb+`2i2 KmHiB@BM/2t Ub22 (d3)VX 6m`i?2`KQ`2- bbmK2 i?i i?2 b2i Q7 2B;2M@
7mM+iBQMb {ψη(ζ)}η Bb  +QKTH2i2 #bBb Q7 i?2 >BH#2`i bT+2 Q7 i?Bb bvbi2KX
h?2`27Q`2- i?2 7QHHQrBM; 2tT`2bbBQM ?QH/b BM ;2M2`H,
U(τ, ζ) =
∑
η
2−τ [ERη −ER0 ]ψη(ζ). UjXkXRV
"2+mb2 ERη ≥ ER0 - 7i2`  bm{+B2MiHv HQM; iBK2 τ i?2 7mM+iBQM U(τ, ζ) `2@
/m+2b iQ i?2 ;`QmM/@bii2 rp27mM+iBQM ψ0(ζ)- ;Bp2M #v
ψ0(ζ) = a02−ωζ2/2
∏
α∈R+
|α · ζ|βκ(α)/2, UjXkXkV
r?2`2 a0 Bb  MQ`KHBxiBQM +QMbiMiX AM *?Ti2` 9- i?2 b+H2/ /Bbi`B#miBQM
f(t,
√
βtv)(βt)N/2 UjXkXjV
rBHH #2 +QMbB/2`2/X h?Bb Bb 2[mBpH2Mi iQ i?2 /BzmbBQM@b+HBM; i`Mb7Q`KiBQM
rBi? ω = β- τ = (HQ; t)/2β M/ ζ = v/√2X Ai 7QHHQrb i?i
f(t,
√
βtv)(βt)N/2 = βN/2U
( HQ; t
2β
,
v√
2
)
× 2tT
[
− βv
2
4
+
β
2
∑
α∈R+
κ(α) HQ; |α · v/√2|
]
t→∞−→ βN/2 2tT
[
− βv
2
4
+
β
2
∑
α∈R+
κ(α) HQ; |α · v/√2|
]
ψ0(v/
√
2)
=
a0βN/2
2βγ/2
2tT
[
− β
(v2
2
−
∑
α∈R+
κ(α) HQ; |α · v|
)]
. UjXkX9V
h?Bb K2Mb i?i i?2 }MH /Bbi`B#miBQM Q7  .mMFH T`Q+2bb +QMp2`;2b iQ 
bi2/v@bii2 7Q`K B7 i?2 }MH TQbBiBQM y Bb `2b+H2/ b √βtvX >2M+27Q`i?-
i?2 T?`b2 bi2/v bii2 Q7  .mMFH T`Q+2bb UQ` BMi2`+iBM; "`QrMBM KQiBQM
j9
Q` "2bb2H T`Q+2bbV rBHH `272` iQ i?2 bi2/v bii2 Q7 i?2 b+H2/ T`Q+2bbX h?2
+QMp2`;2M+2 iQ i?2 bi2/v bii2 BM }MBi2 iBK2 rBHH #2 T`Qp2/ `B;Q`QmbHv BM
*?Ti2` 9 rBi?Qmi i?2 ?2HT Q7 i?2 [mMimK K2+?MB+b Q7 i?2 *HQ;2`Q@JQb2`
bvbi2Kb- M/ mbBM; .mMFH QT2`iQ` i?2Q`vX
jXj h?2 7`22xBM; `2;BK2- T2F b2ib M/ 62F2i2
TQBMib
Ai Bb FMQrM i?i i?2 *HQ;2`Q@JQb2` bvbi2Kb 7Q`K bTBM +?BMb i p2`v HQr
i2KT2`im`2b (dN- 3y- 3R- 3k)X h?2b2 bTBM +?BMb +QMbBbi Q7  b2`B2b Q7 T`iB+H2b
i?i `2 }t2/ BM bT+2 M/ i?i BMi2`+i i?`Qm;? 2t+?M;2 QT2`iQ`b i?i `2
/2}M2/ mbBM; i?2 `2~2+iBQM QT2`iQ`b σαX h?2 KBM B/2 Bb iQ +QMbB/2` i?2
>KBHiQMBM HR*J BM i?2 HBKBi r?2`2 β → ∞X b BM i?2 T`2pBQmb b2+iBQM-
b2iiBM; ω = β ;Bp2b i?2 7QHHQrBM; H2/BM;@Q`/2` i2`Kb BM β,
V*J(x) =
1
4
∑
α∈R+
α2
2
κ2(α)
(α · x)2 +
1
2
N∑
i=1
x2i . UjXjXRV
b β → ∞- i?2 FBM2iB+ 2M2`;v i2`K Q7 i?2 >KBHiQMBM #2+QK2b M2;HB;B#H2-
M/ i?2 T`iB+H2b Q7 i?2 *HQ;2`Q@JQb2` bvbi2K 7`22x2 i i?2 KBMBK Q7 i?2
TQi2MiBH UjXjXRV- r?B+? Bb +H2`Hv TQbBiBp2 M/ +QMp2tX *QMbB/2` MQr i?2
`;mK2Mi Q7 i?2 2tTQM2MiBH BM i?2 Hbi HBM2 Q7 1[X UjXkX9V-
F.S(v) =
v2
2
−
∑
α∈R+
κ(α) HQ; |α · v|. UjXjXkV
 bi`B;?i7Q`r`/ +H+mHiBQM vB2H/b
|∇(v)F.S|2 = v2 − 2γ +
∑
α∈R+
α2κ2(α)
(α · v)2 = 4V*J(v/
√
2) − 2γ. UjXjXjV
h?Bb 2tT`2bbBQM Bb Q#iBM2/ i?`Qm;? i?2 mb2 Q7 G2KK 9X9Xe BM (dj)X hFBM;
i?2 ;`/B2Mi ;Bp2b
(∇(v)F.S ·∇(v))∇(v)F.S = 2∇(v)[V*J(v/
√
2)]. UjXjX9V
6`QK i?Bb `2HiBQM Bi Bb /2/m+2/ i?i- B7 F.S(v) +?B2p2b  KBMBKmK i v = z-
i?2M V*J(v) +?B2p2b  KBMBKmK i v = z/
√
2 Ui?2 7+i i?i F.S(v) Bb 
+QMp2t 7mM+iBQM rBHH #2 T`Qp2/ BM *?Ti2` 8XV AM pB2r Q7 1[X UjXkX9V- Bi Bb
2tT2+i2/ i?i b β → ∞ i?2 bi2/v bii2 /Bbi`B#miBQM Q7  .mMFH T`Q+2bb
j8
+QMp2`;2b iQ  b2`B2b Q7 /2Hi 7mM+iBQMb HQ+i2/ i i?2 KBMBK Q7 F.S(v)X
AM T`iB+mH`- Bi Bb FMQrM i?i i?2 *HQ;2`Q@JQb2` bvbi2K Q7 ivT2 A U`2bTX
ivT2 BV 7`22x2b iQ i?2 `QQib Q7 i?2 >2`KBi2 TQHvMQKBHb (3R) U`2bTX G;m2``2
TQHvMQKBHb (3k)VX *QMb2[m2MiHv- i?2 BMi2`+iBM; "`QrMBM KQiBQMb U`2bTX
BMi2`+iBM; "2bb2H T`Q+2bb2bV Kmbi 7`22x2 i i?2b2 TQBMib b r2HHX
h?2 HQ+iBQM i r?B+? .mMFH T`Q+2bb2b 7`22x2 Bb /2i2`KBM2/- i?2M- #v i?2
bQHmiBQMb Q7 i?2 2[miBQM
v =
∑
α∈R+
κ(α)
α · vα. UjXjX8V
h?2 b2i Q7 p2+iQ`b {si}i r?B+? biBb7v i?Bb 2[miBQM Bb FMQrM b i?2 T2F b2i
Q7 i?2 `QQi bvbi2K R (e3)X P`B;BMHHv- i?2 T2F b2i rb /2}M2/ b i?2 b2i Q7
p2+iQ`b Q7 mMBi MQ`K i?i KtBKBx2b i?2 7mM+iBQM∏
α∈R+
|α · s|κ(α). UjXjXeV
AM i?2 +b2 Q7 1[X UjXjX8V- i?2 MQ`K Q7 i?2 p2+iQ`b Q7 i?2 T2F b2i Bb √γX
AMimBiBp2Hv- i?2 T2F b2i `2T`2b2Mib i?2 b2i Q7 /B`2+iBQMb BM i?2 N @/BK2MbBQMH
bT+2 r?2`2 i?2 .mMFH T`Q+2bb Bb KQbi HBF2Hv iQ #2 7QmM/X JQ`2 +QM+`2i2Hv- 7Q`
i?2 `QQi bvbi2Kb Q7 ivT2b A M/ B i?2 T2F b2ib `2 FMQrM b 62F2i2 TQBMib
(dk- TX Rjk)X h?2b2 `2T`2b2Mi i?2 b2i Q7 TQBMib QM i?2 `2H HBM2 r?2`2  bvbi2K
Q7 N +?`;2/ T`iB+H2b Kmbi #2 HQ+i2/ BM Q`/2` iQ KBMBKBx2 Bib TQi2MiBH
2M2`;vX h?2 T`iB+H2b BMi2`+i rBi? 2+? Qi?2` i?`Qm;?  HQ;`Bi?KB+ TQi2MiBH
M/ rBi?  #+F;`QmM/ TQi2MiBH- (N−1)Q(x)X *QM+`2i2Hv- i?2 62F2i2 TQBMib
KtBKBx2 i?2 7mM+iBQM∏
1≤i<j≤N
(xj − xi)22−(N−1)
∑N
i=1Q(xi), UjXjXdV
r?2`2 (N−1)Q(x) = x2 7Q` i?2 BMi2`+iBM; "`QrMBM KQiBQMbX AM i?2 +b2 Q7
i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b- (N − 1)Q(y) = y− (ν + 12) HM y rBi? yi = x2i7Q` 2p2`v iX h?Bb 2H2+i`QbiiB+ MHQ;v Bb r2HH@FMQrM- M/ Bi ;Bp2b  T?vbB+HHv
K2MBM;7mH BMi2`T`2iiBQM iQ i?2 T2F b2i Q7 R Ub22 (3j- TX jee@jeN) M/ (dR)VX
LQi2 i?i i?2 /2`BpiBQMb BM i?Bb +?Ti2` `2 MQi `B;Q`Qmb- #mi i?2v T`QpB/2
BM7Q`KiBQM QM i?2 #2?pBQ` Q7 .mMFH T`Q+2bb2b BM i?2 bi2/v bii2 M/ BM i?2
7`22xBM; HBKBiX AM T`iB+mH`- iFBM; i?2 7`22xBM; HBKBi Q7 i?2 }MH 2tT`2bbBQM
BM 1[X UjXkX9V ;Bp2b `Bb2 iQ BM+QMbBbi2M+B2b BM i?2 iBK2 b+H2 Q7 i?2 T`Q+2bb-
#2+mb2 i?2 iBK2 τ = (HQ; t)/2β b?QmH/ MQi `2+? BM}MBiv B7 β Bb BM}MBi2Hv
H`;2X >Qr2p2`- i?2 `2bmHib `2 +Q``2+i- M/ i?2v rBHH #2 T`Qp2/ 7Q` .mMFH
T`Q+2bb2b BM ;2M2`H BM *?Ti2`b 9 M/ 8X
je
*?Ti2` 9
ai2/v@bii2 BM M `#Bi``v
`QQi bvbi2K
h?2 Q#D2+iBp2 Q7 i?Bb +?Ti2` Bb iQ /2`Bp2 QM2 Q7 i?2 KBM `2bmHib Q7 i?Bb
rQ`F- r?B+? Bb i?2 +QMp2`;2M+2 Q7 .mMFH T`Q+2bb2b BM }MBi2 iBK2 iQ  bi2/v
bii2X 6Q` i?Bb Tm`TQb2- i?2 T`2+Bb2 /2}MBiBQM Q7 i?2 bi2/v bii2 Q7 .mMFH
T`Q+2bb2b Bb ;Bp2M b i?2 bi2/v bii2 Q7 i?2B` +Q``2bTQM/BM; iBK2@b+H2/ T`Q@
+2bb2bX L2ti- i?2 T`2+Bb2 bii2K2Mi Q7 i?2 `2bmHi Bb ;Bp2M BM h?2Q`2K 9XkXR-
M/ i?2 T`QQ7 Q7 i?2 i?2Q`2K Bb ;Bp2M BM i?2 }MH irQ b2+iBQMbX
9XR .2}MBiBQM Q7 i?2 bi2/v bii2
.mMFH T`Q+2bb2b BM ;2M2`H- M/ BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H
T`Q+2bb2b BM T`iB+mH`- `2 /BzmbBQM T`Q+2bb2b rBi?Qmi `2biQ`BM; 7Q`+2bX h?Bb
K2Mb i?i i?2B` 2pQHmiBQM Bb bm+? i?i i?2B` T`Q##BHBiv /2MbBiv bT`2/b Qmi BM
bT+2 rBi?Qmi biQTTBM;X *QMb2[m2MiHv- i?2b2 T`Q+2bb2b /Q MQi ?p2  bi2/v
bii2 BM i?2 bi`B+i b2Mb2X >Qr2p2`- b K2MiBQM2/ BM i?2 T`2pBQmb +?Ti2`- B7
i?2 /Bbi`B#miBQM 7mM+iBQM Q7 i?2 .mMFH T`Q+2bb Bb b+H2/ bmBi#Hv- i?2M Bi ?b
 HBKBi 7Q`K UBM iBK2V ;Bp2M #v 1[X UjXkX9V- M/ i?2 mM/2`HvBM; b+H2/ T`Q+2bb
?b  bi2/v bii2X
h?2 +QM+`2i2 7Q`K Q7 i?2b2 bii2K2Mib Bb b 7QHHQrbX h?2 a.1 Q7  `/BH
.mMFH T`Q+2bb Bb ;Bp2M #v (39)
/Xt = /Bt + β
2
∑
α∈R+
κ(α)α
α ·Xt /t. U9XRXRV
h?Bb Bb  b2KB@K`iBM;H2 BM N /BK2MbBQMb rBi?  /`B7i i2`K i?i 7Q`+2b
i?2 T`Q+2bb rv 7`QK i?2 Q`B;BM BM i?2 /B`2+iBQMb α ∈ RX *H2`Hv- i?Bb
T`Q+2bb /Q2b MQi +?B2p2  bi2/v bii2- b Bi /Bzmb2b rBi?Qmi #QmM/bX Aib
jd
+Q``2bTQM/BM; iBK2@b+H2/ T`Q+2bb Bb /2}M2/ #v Yt = Xt/
√
βtX lbBM; AiƬǶb
7Q`KmH (38)- i?2 a.1 7Q` Yt Bb
/Yt = /Bt√
βt
+
1
2t
∑
α∈R+
κ(α)α
α · Yt /t−
Yt
2t
/t. U9XRXkV
h?2 Hbi i2`K Bb  `2biQ`BM; 7Q`+2 i2`K- r?B+? `2bi`BMb i?2 /BzmbBQM Q7 i?2
T`Q+2bbX A7- 7m`i?2`KQ`2- i?2 iBK2 p`B#H2 Bb `2/2}M2/ b τ = (HQ; t)/β- i?2M
/t = βt /τ M/
/Yτ = /Bτ + β
2
[ ∑
α∈R+
κ(α)α
α · Yτ − Yτ
]
/τ. U9XRXjV
h?Bb Bb  T`Q+2bb rBi?  ?`KQMB+ `2biQ`BM; 7Q`+2- r?B+? Bb p2`v bBKBH` iQ M
P`Mbi2BM@l?H2M#2+F T`Q+2bb2bX Ai Bb FMQrM i?i i?2b2 ;2M2`HBx2/ P`Mbi2BM@
l?H2M#2+F T`Q+2bb2b `2 biiBQM`v (eR- a2+X Ry)- bQ Bi Bb +H2` i?i  T`QT2`Hv
b+H2/ `/BH .mMFH T`Q+2bb +?B2p2b  bi2/v bii2X 6m`i?2`KQ`2- #2+mb2
i?2 DmKTb Q7 MQM@`/BH .mMFH T`Q+2bb2b T`2b2`p2 i?2 /BbiM+2 Q7 i?2 T`Q+2bb
iQ i?2 Q`B;BM Dmbi #27Q`2 M/ 7i2` i?2 DmKT U#2+mb2 σα Bb M BbQK2i`vV- i?2M
MQM@`/BH .mMFH T`Q+2bb2b b+H2/ #v  7+iQ` √βt `2 biiBQM`v b r2HHX
6`QK i?2 TQBMi Q7 pB2r Q7 i?2 T`Q+2bb /Bbi`B#miBQM f(t,y)- i?2 T`Q+2/m`2
Bb b 7QHHQrbX ++Q`/BM; iQ 1[X UjXkX9V- B7 i?2 T`Q##BHBiv /Bbi`B#miBQM f(t,y)
Q7  .mMFH T`Q+2bb Bb b+H2/ b
ft(v) := f(t,
√
βtv)(βt)N/2, U9XRX9V
i?2M i?2 bi2/v@bii2 /Bbi`B#miBQM Bb T`QTQ`iBQMH iQ
fbb(v) := 2tT
[
− β
(v2
2
−
∑
α∈R+
κ(α) HQ; |α · v|
)]
. U9XRX8V
G2i mb p2`B7v i?Bb +HBKX "2+mb2 i?2 .mMFH T`Q+2bb /2MbBiv f(t,y) Q#2vb i?2
6E1 UkXjXjV- i?2M i?2 b+H2/ /Bbi`B#miBQM Q#2vb i?2 7QHHQrBM; 6E1,
2t
∂
∂t
ft(v) =
1
β
∆ft(v)−
∑
α∈R+
κ(α)
[α ·∇ft(v)
α · v −
α2
2
(1 + σα)ft(v)
(α · v)2
]
+ v ·∇ft(v) +Nft(v). U9XRXeV
h?Bb Bb #2+mb2 .mMFH QT2`iQ`b #2?p2 HBF2 T`iBH /2`BpiBp2b mM/2` mMB7Q`K
b+HBM;b- BX2X- B7 M `#Bi``v 7mM+iBQM g(y) Bb b+H2/ b g˜(v) = g(√βtv)- i?2M
T (y)i g(y) =
1√
βt
T (v)i g˜(v), U9XRXdV
j3
M/ HbQ #2+mb2 i?2 iBK2 /2`BpiBp2 Q7 ft(v) Bb ;Bp2M #v
∂
∂t
ft(v) =
∂
∂t
[
f(t,
√
βtv)(βt)N/2
]
=
N
2t
ft(v) + (βt)
N/2 ∂
∂t
f(t,y)
∣∣∣
y=
√
βtv
+
1
2t
v ·∇ft(v), U9XRX3V
K2MBM; i?i
∂
∂t
ft(v) =
N
2t
ft(v) +
1
2t
v ·∇ft(v) + 1
2βt
N∑
i=1
T 2i ft(v). U9XRXNV
AMb2`iBM; i?2 2tTHB+Bi 7Q`K Q7 i?2 .mMFH GTH+BM BMiQ i?2 `X?XbX M/ KQpBM;
i?2 7+iQ` 2t iQ i?2 HX?XbX ;Bp2b 1[X U9XRXeVX
G2i mb b?Qr i?i fbb(v) Bb i?2 bi2/v@bii2 bQHmiBQM Q7 1[X U9XRXeV- r?B+?
KQmMib iQ b?QrBM; i?i i?2 `X?XbX Q7 1[X U9XRXeV pMBb?2b r?2M ft(v) Bb
`2TH+2/ #v fbb(v)X  b2`B2b Q7 bi`B;?i7Q`r`/ +H+mHiBQMb vB2H/ i?2 7QHHQrBM;
2tT`2bbBQMb,
v ·∇fbb(v) = −β(v2 − γ)fbb(v), U9XRXRyV
α ·∇fbb(v) = −β
[
α · v −
∑
ζ∈R+
κ(ζ)ζ ·α
ζ · v
]
fbb(v), U9XRXRRV
∂2fbb
∂v2j
= β2
[
vj −
∑
α∈R+
κ(α)αj
α · v
]2
fbb(v)
−β
[
1 +
∑
α∈R+
κ(α)α2j
(α · v)2
]
fbb(v). U9XRXRkV
h?2M- i?2 `X?XbX Q7 1[X U9XRXeV 7Q` fbb(v) Bb 2[mH iQ
β
[
v2 − 2γ +
∑
α,ζ∈R+
κ(α)κ(ζ)α · ζ
(α · v)(ζ · v)
]
fbb(v)−
[
N +
∑
α∈R+
κ(α)α2
(α · v)2
]
fbb(v)
−
∑
α∈R+
κ(α)
[
− β + β
∑
ζ∈R+
κ(ζ)ζ ·α
(α · v)(ζ · v) −
α2
(α · v)2
]
fbb(v)
− β(v2 − γ)fbb(v) +Nfbb(v). U9XRXRjV
 +HQb2 BMbT2+iBQM Q7 i?Bb 2tT`2bbBQM `2p2Hb i?i- BM/22/- HH i2`Kb +M+2H-
K2MBM; i?i i?2 bi2/v@bii2 /Bbi`B#miBQM Q7 i?2 T`Q+2bb Bb Q#iBM2/ 7`QK
MQ`KHBxBM; fbb(v)X
jN
9Xk a2iiBM;
qBi? i?2 BMBiBH +QM/BiBQM µ(x)- i?2 T`Q##BHBiv /Bbi`B#miBQM Q7  .mMFH
T`Q+2bb mbBM; i?2 .mMFH i`Mb7Q`K `2T`2b2MiiBQM UkXdXdV Bb ;Bp2M #v
f(t,y) /y = wβ(y)
c2β
∫
RN
2−tξ2/2[Vβ2By·ξ]
[ ∫
RN
[Vβ2−Bx·ξ]µ(x) /x
]
wβ(ξ) /ξ /y.
U9XkXRV
h?2 KBM /pMi;2 Q7 i?Bb 2tT`2bbBQM Bb i?i HH i?2 BMi2;`Hb `2 r2HH #2@
?p2/ /m2 iQ i?2 7+i i?i Vβ2Bx·y Bb #QmM/2/ Ub22 1[X UkX8XjVVX _2+HH i?2
7mM+iBQM
FR(v,κ) =
v2
2
−
∑
α∈R+
κ(α) HQ; |α · v|, U9XkXkV
bQ i?i
fbb(v) = 2−βFR(v,κ) = 2−βv2/2wβ(v) U9XkXjV
M/
zβ =
∫
RN
2−βFR(ζ,κ) /ζ =
∫
RN
fbb(ζ) /ζ. U9XkX9V
qBi? i?2b2 2tT`2bbBQMb- r2 /2}M2 i?2 bi2/v@bii2 /Bbi`B#miBQM #v
fR(v) :=
1
zβ
fbb(v) =
1
zβ
2−βFR(v,κ). U9XkX8V
HbQ- bbmK2 i?i µ(x) Bb  T`Q##BHBiv /Bbi`B#miBQM rBi? }MBi2 b2+QM/@Q`/2`
KQK2Mib- BX2X- ∣∣∣ ∫
RN
xixjµ(x) /x
∣∣∣ <∞. U9XkXeV
h?2 K2M M/ p`BM+2 Q7 µ(x) `2 /2}M2/ #v
x¯µ :=
∫
RN
xµ(x) /x, U9XkXdV
s2µ :=
∫
RN
|x− x¯µ|2µ(x) /x U9XkX3V
`2bT2+iBp2HvX AM i?Bb +?Ti2`- i?2 KBM ;QH Bb iQ T`Qp2 i?2 7QHHQrBM;X
h?2Q`2K 9XkXRX .mMFH T`Q+2bb2b `2Ht iQ i?2 b+H2/ bi2/v bii2 /Bbi`B#miBQM
f(t,
√
βtv)(βt)N/2 /v = fR(v, β) /v[1 +O(η
√
β) +O(32)] U9XkXNV
r?2M2p2`
t- (s2µ + x¯2µ)Kt[1, β] U9XkXRyV
rBi? TQbBiBp2 MmK#2`b η M/ 3 bm+? i?i
32t- 1 M/ η2tKBM[1, β]- 1. U9XkXRRV
9y
AM a2+X 9X9 r2 T`Qp2 h?KX 9XkXR- BM r?B+? i?2 2pHmiBQM Q7 i?2 BMi2;`Hb
BM 1[X U9XkXRV Bb BKTQ`iMiX h?2 /2`BpiBQMb ;Bp2M BM a2+X 9Xj `2 mb2/ 7Q` i?2
+H+mHiBQMb BM i?2 T`QQ7X
9Xj a2imT 7Q` i?2 T`QQ7 Q7 h?2Q`2K 9XkXR
qBi? i?2 bm#biBimiBQMb y = √βtv- ξ = ζ/√t M/ x = u√t- 1[X U9XkXRV
`2/b
f(t,
√
βtv)(βt)N/2 /v = wβ(v)
zβcβ
∫
RN
2−ζ2/2[Vβ2B
√
βv·ζ]
×
[ ∫
RN
[Vβ2−Bu·ζ]tN/2µ(
√
tu) /u
]
wβ(ζ) /ζ /v. U9XjXRV
h?2 }`bi [mMiBiv i?i Kmbi #2 +QMbB/2`2/ Bb i?2 BMi2;`H Qp2` u- r?B+? Bb
;Bp2M i?2 7QHHQrBM; MQiiBQM-
I(t, ζ) :=
∫
RN
[Vβ2−Bu·ζ]tN/2µ(
√
tu) /u. U9XjXkV
"v i?2 K2M pHm2 i?2Q`2K- i?2`2 2tBbi p2+iQ`b u` M/ uB bm+? i?i
I(t, ζ) = Vβ[+Qb(u` · ζ)− B bBM(uB · ζ)]. U9XjXjV
AM ;2M2`H- u` M/ uB `2 7mM+iBQMb Q7 ζX 6`QK i?2 `2HiBQMb∫
RN
utN/2µ(
√
tu) /u = x¯µ/
√
t, U9XjX9V∫
RN
(u− x¯µ/
√
t)2tN/2µ(
√
tu) /u = s2µ/t, U9XjX8V
Bi 7QHHQrb i?i I(t, ζ) biBb}2b i?2 7QHHQrBM; 2[miBQMb r?2M ζ = 0-
TjI(t,0) = −B x¯µ,j√
t
, U9XjXeV
N∑
j=1
T 2j I(t,0) = −
1
t
(s2µ + x¯
2
µ). U9XjXdV
AMb2`iBM; 1[X U9XjXjV BM i?2b2 irQ 2[miBQMb ;Bp2b
TjVβ[+Qb(u` · ζ)− B bBM(uB · ζ)]|ζ=0 = −B(uB)j|ζ=0, U9XjX3V
N∑
j=1
T 2j Vβ[+Qb(u` · ζ)− B bBM(uB · ζ)]|ζ=0 = −u2` |ζ=0. U9XjXNV
9R
h?2`27Q`2- QM2 ?b
uA := uB|ζ=0 = x¯µ/
√
t, U9XjXRyV
u2_ := u
2
` |ζ=0 = (s2µ + x¯2µ)/t. U9XjXRRV
h?mb- 7Q` ζ2 . t/(s2µ + x¯2µ)- i?2 BMi2;`H I(t, ζ) Bb TT`QtBKi2/ #v
Vβ[+Qb(u_ · ζ)− B bBM(uA · ζ)] +O(ζ2/t). U9XjXRkV
h?2 i2`K Q7 O[ζ2/t] Bb BM+Hm/2/ #2+mb2 i?Bb TT`QtBKiBQM Bb Q#iBM2/ 7`QK
i?2 #2?pBQ` Q7 I(t, ζ) M2` ζ = 0- M/ QMHv i?2 +iBQM Q7 }`bi@Q`/2` .mMFH
QT2`iQ`b Bb `2T`Q/m+2/ 2t+iHv UQMHv i?2 MQ`K Q7 u_ Bb bT2+B}2/VX
6Q` i?2 2biBKiBQM Q7 i?2 `2HtiBQM iBK2 t,- Bi rBHH #2 M2+2bb`v iQ +QMbB/2`
i?2 HBM2` TT`QtBKiBQM Q7 i?2 7mM+iBQM Vβ bBM?(x · y)X h?2 2z2+i Q7 i?2
BMi2`irBMBM; QT2`iQ` QM HBM2` 7mM+iBQMb Bb ;Bp2M BM i?2 7QHHQrBM; H2KKX
>2`2- M Q`i?QMQ`KH #bBb {φi}Ni=1 Q7 RN Bb /2}M2/ bm+? i?i i?2 }`bi dR
p2+iQ`b #2HQM; iQ i?2 HBM2` 2Mp2HQT2 Q7 R M/ i?2 Hbi N − dR p2+iQ`b `2
Q`i?Q;QMH iQ BiX
G2KK 9XjXRX 6Q` HBM2` TQHvMQKBHb- Vβ Bb ;Bp2M #v
Vβx · y = 1
1 + βγ/dR
[
x · y + βγ
dR
N∑
i=dR+1
(x · φi)(y · φi)
]
. U9XjXRjV
S`QQ7X G2i Vβ #2 `2T`2b2Mi2/ BM i?2 HBM2` +b2 #v  Ki`Bt- [Mβ]ij = mij-
bm+? i?i
Vβx · y =
∑
1≤i,j≤N
ximijyj. U9XjXR9V
"v i?2 /2}MBM; T`QT2`iv Q7 Vβ- 1[X UkX9XRV- i?2 `2HiBQMb?BT
yi =
N∑
j=1
mijyj +
β
2
∑
α∈R+
αi
κ(α)
α · x(1− σα)
∑
1≤i,j≤N
xlmljyj U9XjXR8V
?QH/bX _2r`Bii2M BM i2`Kb Q7 p2+iQ` M/ Ki`B+2b- i?Bb 2[miBQM Bb 2[mBpH2Mi
iQ
(1− σα)xTMβy =
(
2
α · x
α2
α
)T
Mβy = 2
α · x
α2
αTMβy, U9XjXReV
r?B+? vB2H/b
y = Mβy+β
∑
α∈R+
κ(α)
ααT
α2
Mβy =
[
I +β
∑
α∈R+
κ(α)
ααT
α2
]
Mβy. U9XjXRdV
9k
h?2 T`Q#H2K Bb `2/m+2/- i?2M iQ +H+mHiBM;
Mβ =
[
I + β
∑
α∈R+
κ(α)
ααT
α2
]−1
. U9XjXR3V
hQ +H+mHi2 Mβ- r2 M22/ iQ +H+mHi2 i?2 bmK Qp2` α-  ibF i?i +M #2
++QKTHBb?2/ 2bBHv QM+2 i?2 bmK Bb `2r`Bii2M b  bmK Qp2`  ;`QmTX A7 y Bb
Q`i?Q;QMH iQ aTM(R)- i?2M i?2 bmK Qp2` α Bb 2[mH iQ x2`Q M/ i?2 `2bmHi Bb
i`BpBHc i?2`27Q`2- r2 bbmK2 i?i y ∈ aTM(R)X 6B`bi- r2 b2T`i2 i2`Kb rBi?
/Bz2`2Mi KmHiBTHB+BiB2b, H2i nR /2MQi2 i?2 MmK#2` Q7 /Bz2`2Mi KmHiBTHB+BiB2b
bbB;M2/ iQ i?2 `QQi bvbi2K _- M/ /2MQi2 #v {ξi}nRi=1  +QHH2+iBQM Q7 `QQib
bm+? i?i κ(ξi) )= κ(ξj) 7Q` i )= jX h?2M- i?2 7QHHQrBM; ?QH/b,
∑
α∈R+
κ(α)
ααT
α2
=
nR∑
i=1
κ(ξi)
|ξi|2
∑
α∈R+∩Wξi
ααT . U9XjXRNV
>2`2- Wξi = {ρξi : ρ ∈ W} /2MQi2b i?2 Q`#Bi Q7 ξi QM W X hQ Q#iBM i?Bb
2[mHBiv Bi bm{+2b iQ MQi2 i?i i?2 i2`Kb BM i?2 bmK rBi? 2[mH KmHiBTHB+BiB2b
Kmbi #2HQM; iQ i?2 bK2 Q`#Bi BM W X "2+mb2 W Bb  `2~2+iBQM ;`QmT- HH
Q7 Bib 2H2K2Mib `2 BbQK2i`B2b- K2MBM; i?i i?2 `QQib Q7 R BM i?2 Q`#Bi Q7 ξi
Kmbi ?p2 i?2 bK2 MQ`KX h?2M- i?2 b[m`2/ MQ`K Q7 α +M #2 iF2M Qmi Q7
i?2 b2+QM/ bmK b i?2 i2`K |ξi|2X "2+mb2 i?2 p2+iQ`b α BM i?2 b2+QM/ bmK
`2 2H2K2Mib Q7 Wξi- r2 +M `2r`Bi2 i?2 bmK b∑
α∈R+
κ(α)
ααT
α2
=
nR∑
i=1
κ(ξi)
|ξi|2
|R+ ∩Wξi|
|W |
∑
ρ∈W
(ρξi)(ρξi)
T , U9XjXkyV
r?2`2 i?2 +Q2{+B2Mi |R+∩Wξi|/|W | Bb BM+Hm/2/ iQ ++QmMi 7Q` /Qm#H2 +QmMi@
BM; BM i?2 bmK Qp2` ρX .2MQi2 #v [ρ]ij i?2 iji? +QKTQM2Mi Q7  7Bi?7mH M/
`2/m+2/ `2T`2b2MiiBQM Q7 i?2 `2~2+iBQM ;`QmT W X h?2M- i?2 jli? +QKTQM2Mi
Q7 i?2 Ki`Bt `2T`2b2MiiBQM Q7 i?2 bmK Qp2` ρ Bb
∑
ρ∈W
[ρξi]j[ρξi]l =
∑
ρ∈W
dR∑
n,n′=1
[ρ]jn[ξi]n[ρ]ln′ [ξi]n′ =
dR∑
n,n′=1
[ξi]n′ [ξi]n
∑
ρ∈W
[ρ]jn[ρ]ln′ .
U9XjXkRV
"v i?2 ;`2i Q`i?Q;QMHBiv i?2Q`2K (3e)- i?2 bmK Qp2` ρ Bb ;Bp2M #v∑
ρ∈W
[ρ]jn[ρ]ln′ =
|W |
dR
δjlδnn′ , U9XjXkkV
9j
r?B+? BM im`M vB2H/b
∑
ρ∈W
[ρξi]j[ρξi]l =
dR∑
n,n′=1
[ξi]n′ [ξi]n
|W |
dR
δjlδnn′ =
|W ||ξi|2
dR
δjl. U9XjXkjV
AMb2`iBM; BM U9XjXkyV ;Bp2b
∑
α∈R+
κ(α)
ααT
α2
=
nR∑
i=1
κ(ξi)
|R+ ∩Wξi|
dR
I =
I
dR
∑
α∈R+
κ(α) =
γ
dR
I. U9XjXk9V
h?Bb `2bmHi BKTHB2b i?i- 7Q` y ∈ aTM(R)-
Mβ = I/(1 + βγ/dR). U9XjXk8V
h?2 +QKTH2i2 7Q`K Q7 Mβ Bb Q#iBM2/ #v MQiB+BM; i?i HH p2+iQ`b +M #2
/2+QKTQb2/ BMiQ i?2 +QKTQM2Mi i?i #2HQM;b iQ aTM(R) M/ Bib Q`i?Q;QMH
+QKTQM2Mi,
y =
[
y −
N∑
i=dR+1
(φi · y)φi
]
+
N∑
i=dR+1
(φi · y)φi. U9XjXkeV
h?2M- QM2 ?b[
I + β
∑
α∈R+
κ(α)
ααT
α2
][(
y −
N∑
i=dR+1
(φi · y)φi
)
+
N∑
i=dR+1
(φi · y)φi
]
=
[(
1 +
βγ
dR
)
I − βγ
dR
N∑
i=dR+1
φiφ
T
i
]
y = M−1β y, U9XjXkdV
M/ Mβ Bb ;Bp2M #v
Mβ =
1
1 + βγ/dR
[
I +
βγ
dR
N∑
i=dR+1
φiφ
T
i
]
U9XjXk3V
#2+mb2[(
1+
βγ
dR
)
I−βγ
dR
N∑
i=1+dR
φiφ
T
i
] 1
1 + βγ/dR
[
I+
βγ
dR
N∑
i=dR+1
φiφ
T
i
]
= I, U9XjXkNV
r?B+? +QKTH2i2b i?2 T`QQ7X
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.2MQiBM; #v x⊥ i?2 +QKTQM2Mi Q7 x i?i Bb Q`i?Q;QMH iQ aTM(R) M/
#v x‖ i?2 +QKTQM2Mi Q7 x r?B+? #2HQM;b iQ aTM(R)- QM2 Kv r`Bi2
Vβx · y = x‖ · y‖
1 + βγ/dR
+ x⊥ · y⊥. U9XjXjyV
lMH2bb Qi?2`rBb2 MQi2/- i?2 bm#b+`BTib ⊥ M/ ‖ BM i?Bb 2[miBQM rBHH +``v i?2
K2MBM; /2b+`B#2/ ?2`2 7Q` i?2 `2bi Q7 i?2 i2tiX h?Bb Hbi 2[miBQM BKTHB2b
i?i i?2 BMi2`irBMBM; QT2`iQ` ?b MQ 2z2+i QM HBM2` 7mM+iBQMb Q7 p2+iQ`b
i?i `2 Q`i?Q;QMH iQ i?2 `QQi bvbi2KX
9X9 S`QQ7 Q7 h?2Q`2K 9XkXR
h?2 }`bi Q#D2+iBp2 Bb iQ +H+mHi2 i?2 TT`QtBKi2 pHm2 Q7 i?2 BMi2;`H
J (t,v) := 1
cβ
∫
RN
2−ζ2/2I(t, ζ)[Vβ2B
√
βv·ζ]wβ(ζ) /ζ, U9X9XRV
7Q` H`;2 pHm2b Q7 tX h?Bb 2tT`2bbBQM Bb i?2 BMp2`b2 .mMFH i`Mb7Q`K Q7
2−ζ2/2I(t, ζ) 2pHmi2/ i √βv Ub22 1[X UkXeX9VVX AM Q`/2` iQ mb2 i?2 TT`Qt@
BKi2/ 7Q`K Q7 I(t, ζ)- i?2 TQbBiBp2 p`B#H2 3 Bb +?Qb2M rBi? i?2 bbmKTiBQM
i?i √t3 - 1X h?2M- J (t,v) Bb /BpB/2/ BMiQ irQ BMi2;`HbX h?2 }`bi QM2-
/2MQi2/ J1- Bb iF2M Qp2` ζ <
√
t3- r?BH2 i?2 b2+QM/ QM2- /2MQi2/ J2 Bb iF2M
Qp2` ζ ≥ √t3X 6Q` J2- QM2 ?b i?2 7QHHQrBM; #2?pBQ`,
|J2| ≤ 1
cβ
∫
ζ≥√t,
2−ζ2/2wβ(ζ) /ζ = CJ
cβ
∫ ∞
√
t,
2−ζ2/2ζβγ+N−1 /ζ
=
CJ 2(βγ+N−2)/2)
cβ
∫ ∞
t,2/2
2−zz(βγ+N−2)/2 /z = O(2−t,2/2(t32)(βγ+N−2)/2).
U9X9XkV
>2`2- CJ /2MQi2b i?2 M;mH` T`i Q7 i?2 BMi2;`H- i?2 bm#biBimiBQM z =
ζ2/2 rb +``B2/ Qmi BM i?2 b2+QM/ HBM2- M/ i?2 }MH bi2T Bb Q#iBM2/ 7`QK
BMi2;`iBQM #v T`ibX LQi2 i?i i?2 }`bi BM2[mHBiv 7QHHQrb 7`QK i?2 7+i i?i
I(t, ζ) Bb #QmM/2/-
|I(t, ζ)| ≤
∫
RN
|Vβ2−Bu·ζ|tN/2µ(
√
tu) /u ≤
∫
RN
µ(x) /x = 1. U9X9XjV
AMi2;`Hb Q7 i?Bb 7Q`K TT2` `2T2i2/Hv BM i?Bb /2`BpiBQMX h?mb- Bi Bb
+QMp2MB2Mi iQ ?p2 i?2 ;2M2`H 2tT`2bbBQM
1
cβ
∫
ζ≥√t,
2−ζ2/2g(ζ)wβ(ζ) /ζ = O(2−t,2/2(t32)(βγ+N+r−2)/2) U9X9X9V
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T`QpB/2/ i?i g(ζ) ∼ ζr 7Q` H`;2 ζ- r?B+? Bb /2`Bp2/ mbBM; i?2 T`Q+2/m`2
i?i H2/b iQ 1[X U9X9XkVX
lbBM; 1[X U9XjXRkV- QM2 Kv b2T`i2 i?2 BMi2;`H Qp2` i?2 `2;BQM ζ <
3
√
t- J1- BMiQ i?2 T`i i?i +Q``2bTQM/b iQ i?2 +QbBM2 UJ+QbV- i?2 T`i i?i
+Q``2bTQM/b iQ i?2 bBM2 UJbBMV- M/ i?2 T`i i?i +Q``2bTQM/b iQ i?2 HQr2`@
Q`/2` i2`Kb UJQVX 7i2` 2ti2M/BM; i?2 /QKBM Q7 BMi2;`iBQM iQ RN i i?2
2tT2Mb2 Q7 i?2 2``Q` i2`K 7`QK 1[X U9X9X9V rBi? r = 0- i?2 }`bi BMi2;`H `2/b
J+Qb = 1
2cβ
∫
RN
2−ζ2/2Vβ(2Bu_·ζ + 2−Bu_·ζ)Vβ2B
√
βv·ζwβ(ζ) /ζ
+O(2−t,2/2(t32)(βγ+N−2)/2). U9X9X8V
lbBM; 1[X UkX8X3V- i?Bb BMi2;`H +M #2 2pHmi2/ BKK2/Bi2Hv- vB2H/BM;
J+Qb = 2−(u2_+βv2)/2Vβ +Qb?(
√
βu_ · v) +O(2−t,2/2(t32)(βγ+N−2)/2). U9X9XeV
h?2 BMi2;`H JbBM +M #2 2pHmi2/ BM  bBKBH` KMM2` b
JbBM = 2−(u2A+βv2)/2Vβ bBM?(
√
βuA · v) +O(2−t,2/2(t32)(βγ+N−2)/2). U9X9XdV
h?2 }MH BMi2;`H JQ Bb HbQ +H+mHi2/ mbBM; 1[X U9X9X9V,
JQ = O[3
2]
cβ
∫
ζ<
√
t,
2−ζ2/2Vβ2B
√
βv·ζwβ(ζ) /ζ
= O[32]
[ 1
cβ
∫
RN
2−ζ2/2Vβ2B
√
βv·ζwβ(ζ) /ζ +O(2−t,2/2(t32)(βγ+N−2)/2)
]
= O[32][2−βv2/2 +O(2−t,2/2(t32)(βγ+N−2)/2)]. U9X9X3V
6Q`  p2`v H`;2 pHm2 Q7 t32- i?2 i2`K O(2−t,2/2(t32)(βγ+N−2)/2) +M #2
M2;H2+i2/X 6Q` i?Bb `2;BK2- i?2 `2bmHi Bb
J (t,v) = 2−βv2/2{2−u2_/2Vβ +Qb?(
√
βu_ · v)
+ 2−u2A /2Vβ bBM?(
√
βuA · v) +O[32]}. U9X9XNV
G2i mb `2+HH 7`QK 1[X U9XjXRkV i?i i?Bb `2bmHi ?QH/b QMHv r?2M i?2 +QM/BiBQMb
t32 - 1 M/ tu2_32 = 32(s2µ + x¯2µ). 1 U9X9XRyV
`2 biBb}2/X 6`QK 1[bX U9XjXRyV- U9XjXRRV- M/ U9X9XNV- Bi Bb +H2` i?i
J (t,v) t→∞−→ 2−βv2/2, U9X9XRRV
9e
b 2tT2+i2/X
h?2 b2+QM/ Q#D2+iBp2 Q7 i?Bb /2`BpiBQM Bb- i?2M- iQ }M/  HQr2` #QmM/
QM i?2 iBK2 `2[mB`2/ iQ `2+? i?2 bi2/v bii2X "2+mb2 t Bb `2[mB`2/ iQ #2
H`;2 BM i?2 T`2pBQmb `2bmHi- //BiBQMH TT`QtBKiBQMb +M #2 K/2X h?2
2tT`2bbBQM Vβ +Qb?(u_ · v) 7Q` u_v . 1 Bb TT`QtBKi2/ #v MQiB+BM; i?i i?2
7mM+iBQM
g(v,u_) = 2tT
[ v2u2_
2(N + βγ)
]
U9X9XRkV
#2?p2b `Qm;?Hv HBF2 Vβ +Qb?(u_ · v) BM i?2 7QHHQrBM; b2Mb2X *QMbB/2` i?2
2tT`2bbBQM
N∑
j=1
T 2j Vβ +Qb?(u_ · v)|ζ=0 = u2_, U9X9XRjV
r?2`2 i?2 .mMFH QT2`iQ`b +i QM vX  bi`B;?i7Q`r`/ +H+mHiBQM ;Bp2b
∆vg(v,u_) =
u2_
N + βγ
[ v2u2_
N + βγ
+N
]
g(ζ,u_) U9X9XR9V
M/
β
∑
α∈R+
κ(α)
α ·∇vg(v,u_)
α · v =
βγu2_
N + βγ
g(v,u_), U9X9XR8V
r?B+? vB2H/b
N∑
j=1
T 2j g(v,u_)|v=0 = u2_. U9X9XReV
Ai 7QHHQrb i?i g(v,u_) `2T`Q/m+2b i?2 BbQi`QTB+ T`i Q7 i?2 b2+QM/@Q`/2`
i2`K Q7 Vβ +Qb?(u_ · v) i v = 0X *QMb2[m2MiHv- i?2 +QK#BMiBQM Q7 g(ζ,u_)
M/ 1[X U9XjXjyV ;Bp2b M TT`QtBKiBQM Q7 i?2 ?vT2`#QHB+ bBM2 M/ +QbBM2
i2`Kb i?i Bb QMHv ++m`i2 mT iQ }`bi Q`/2`- #mi r?B+? Bb biBHH #2ii2` i?M 
bBKTH2 }`bi@Q`/2` TT`QtBKiBQM,
2βv2/2J (t,v)−O(32) = 2−u2_/2Vβ +Qb?(
√
βu_ ·v)+ 2−u2A /2Vβ bBM?(
√
βuA ·v)
= 2tT
[
−u
2
_
2
(
1− βv
2
N + βγ
)]
+2−u2A /2
[√βuA‖ · v‖
1 + βγ/dR
+
√
βuA⊥ ·v⊥
]
+O(βv2/t).
U9X9XRdV
h?2 +?QB+2 Q7 i?2 7mM+iBQM g(v,u_) Bb KQiBpi2/ #v i?2 7+i i?i B7 i?2
TT`QtBKiBQM Bb +``B2/ Qmi mT iQ }`bi Q`/2`- i?2 BM7Q`KiBQM +QM+2`MBM; i?2
b2+QM/ KQK2Mib Q7 µ(x) Bb HQbiX TT`QtBKiBM; i?2 7mM+iBQM Vβ +Qb?(u_ · v)
mbBM; M BbQi`QTB+ 7mM+iBQM bm+? b g(v,u_) M2;H2+ib i?2 MBbQi`QTB2b i?i
9d
+Q``2bTQM/ iQ i?2 p2+iQ` u_ b r2HH b i?Qb2 i?i +Q``2bTQM/ iQ i?2 BMi2`@
irBMBM; QT2`iQ`- #mi Bi HbQ HHQrb QM2 iQ ?p2 M TT`QtBKi2 7Q`K Q7 i?2
?vT2`#QHB+ 7mM+iBQMb r?B+? +``B2b //BiBQMH BM7Q`KiBQM #Qmi i?2 BMBiBH
/Bbi`B#miBQMX
hQ 2biBKi2 i?2 `2HtiBQM iBK2- +QMbB/2`  i2bi 7mM+iBQM h(v) rBi? 
TQr2`@Hr bvKTiQiB+ #2?pBQ` h(v) ∼ vr r?2M v Bb p2`v H`;2X .2}M2 i?2
2tT2+iiBQM Q7 h Qp2` i?2 bi2/v@bii2 /Bbi`B#miBQM #v
〈h〉 :=
∫
RN
h(v)fR(β,v) /v. U9X9XR3V
h?2M- i?2 2tT2+iiBQM Q7 h #27Q`2 i?2 bi2/v@bii2 Bb +?B2p2/ Bb ;Bp2M #v
〈h〉t := 1
zβ
∫
RN
h(v)wβ(v)J (t,v) /v. U9X9XRNV
1[miBQM U9X9XRdV +M QMHv #2 mb2/ B7 i?2 BM2[mHBiv
(s2µ + x¯
2
µ)βv
2
t
. 1 U9X9XkyV
Bb biBb}2/X h?2`27Q`2- i?2 BMi2;`H U9X9XRNV +M #2 /BpB/2/ BMiQ i?2 `2;BQM
r?2`2 v < η√t M/ i?2 `2;BQM r?2`2 v ≥ η√t- r?2`2 Bi Bb bbmK2/ i?i
η
√
t- 1X
.2MQi2 i?2 BMi2;`H Qp2` i?2 7Q`K2` `2;BQM #v K1 M/ i?2 Hii2` #v K2X
7i2` KFBM; i?2 bm#biBimiBQM v′ = √βv- i?2 BMi2;`H Qp2` i?2 Qmi2` `2;BQM
Bb ;Bp2M #v
|K2| ≤ 1
cβ
∫
v′≥η√βt
|h(v′/
√
β)|wβ(v′)2−(v′)2/2|{2−u2_/2Vβ +Qb?(u_ · v′)
+ 2−u2A /2Vβ bBM?(uA · v′) +O[32]}| /v′
≤ CK
cβ
∫ ∞
η
√
βt
(v′)βγ+N−1(v′/
√
β)r{2−(v′−u_)2/2/2 + 2−(v′−uA)2/2/2
+ 2−(v′)2/2O[32]} /v′. U9X9XkRV
6Q` i?2 }MH 2tT`2bbBQM- i?2 bvKTiQiB+ 7Q`K Q7 h(v) rb mb2/- b r2HH b i?2
#QmM/b M/ bvKTiQiB+ 7Q`Kb 7Q` v′ - 1
|Vβ +Qb?(u_ · v′)| ≤ +Qb?(u_v′) ∼ 2tT(u_v′)/2, U9X9XkkV
|Vβ bBM?(uA · v′)| ≤ bBM?(uAv′) ∼ 2tT(uAv′)/2. U9X9XkjV
h?2 +Q2{+B2Mi CK `2T`2b2Mib i?2 pHm2 Q7 i?2 M;mH` BMi2;`HX "v 1[X U9X9X9V-
QM2 Q#iBMb
K2 = O[2−η2βt/2(η2βt)(βγ+N+r−2)/2β−r/2(1 + 32)]. U9X9Xk9V
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h?2`27Q`2- QM2 Kmbi bbmK2 i?i η√βt - 1 BM Q`/2` iQ M2;H2+i i?2 i2`Kb
rBi? 2tTQM2MiBH /2+vX
h?2 BMM2` BMi2;`H Bb /BpB/2/ BMiQ i?2 HQr2`@Q`/2` UKoV- bBM2 UKbBM?V M/
+QbBM2 UK+Qb?V i2`KbX lMH2bb Qi?2`rBb2 MQi2/- 2tTQM2MiBHHv /2+`2bBM; +Q`@
`2+iBQM i2`Kb U2X;X- i?2 +Q``2+iBQM BM 1[X U9X9Xk9VV rBHH #2 BKTHB+Bi BM 2+? Q7
i?2 2tT`2bbBQMb i?i 7QHHQrX h?2 HQr2`@Q`/2` BMi2;`H Bb BKK2/Bi2-
Ko = O(3
2) +O(βη2)
cβ
∫
v′<η
√
βt
h(v′/
√
β)wβ(v
′)2−(v′)2/2 /v′
= 〈h〉[O(32) +O(βη2)]. U9X9Xk8V
h?2 bBM2 i2`K #2+QK2b- bbmKBM; i?i η . 1/√βx¯2µ-
KbBM? = 1
cβ
∫
v′<η
√
βt
h(v′/
√
β)wβ(v
′)2−(v′)2/2
× 2−u2A /2
[ uA‖ · v′‖
1 + βγ/dR
+ uA⊥ · v′⊥
]
/v′. U9X9XkeV
qBi?BM i?Bb `2;BQM Q7 BMi2;`iBQM- i?2 #QmM/∣∣∣ uA‖ · v′‖
1 + βγ/dR
+ uA⊥ · v′⊥
∣∣∣ ≤ η√β
x¯µ
[ x¯2µ‖
1 + βγ/dR
+ x¯2µ⊥
]
U9X9XkdV
Bb biBb}2/X h?Bb K2Mb i?i
KbBM? = 〈h〉O(η
√
β), U9X9Xk3V
r?2`2 i?2 +Q``2+iBQM i2`K +QK2b 7`QK 1[X U9X9XkdV- M/ 〈h〉 +QK2b 7`QK
1[X U9X9XkeV 7i2` iFBM; uA → 0 /m2 iQ i?2 BM2[mHBiv U9X9XRyVX h?2 +QbBM2
i2`K #2+QK2b- 7i2` mbBM; 1[X U9X9XRkV-
K+Qb? = 1
cβ
∫
v′<η
√
βt
h(v′/
√
β)wβ(v
′) 2tT
[
− (v
′)2
2
(
1− s
2
µ + x¯
2
µ
t(βγ +N)
)]
/v′
× 2−(s2µ+x¯2µ)/(2t) = 〈h〉. U9X9XkNV
6Q` i?2 Hbi 2[mHBiv- 1[X U9X9XRyV ?b #22M mb2/X 6BMHHv- //BM; HH i?2 i2`Kb
M/ /Bb+`/BM; ?B;?2` Q`/2`b Q7 3 M/ η vB2H/b
〈h〉t = 〈h〉[1 +O(η
√
β) +O(32)], U9X9XjyV
T`QpB/2/ i?i HH Q7 i?2 7QHHQrBM; bbmKTiBQMb `2 biBb}2/-
t- s2µ + x¯2µ, 32t- 1, 3−2 - s2µ + x¯2µ,
η2βt- 1, η2t- 1, η−2 - β(s2µ + x¯2µ). U9X9XjRV
9N
h?2`27Q`2- i?2 /Bbi`B#miBQM Kmbi #2 `2Ht2/ iQ i?2 bi2/v bii2 7Q` t- (s2µ+
x¯2µ)Kt[1, β]X h?2 bii2K2Mi 7QHHQrbX !
q?BH2 i?2 iBK2 #QmM/ BM h?2Q`2K 9XkXR ;m`Mi22b i?2 `2HtiBQM Q7 i?2
bvbi2K iQ i?2 bi2/v bii2- Bi Bb MQi  i`m2 2biBKiBQM Q7 i?2 `2HtiBQM iBK2X
h?2 iBK2 #QmM/ 2biBKi2/ ?2`2 BKTHB2b i?i b β ;`Qrb-  HQM;2` iBK2 Bb
`2[mB`2/ 7Q` i?2 bvbi2K iQ `2Ht BM ;2M2`HX h?Bb Bb MQi i`m2 i H2bi BM i?2
7`22xBM; HBKBi- r?2`2 i?2 bvbi2K +?B2p2b i?2 bi2/v bii2 BMbiMiM2QmbHvX
h?Bb T`QT2`iv Q7 .mMFH T`Q+2bb2b BM i?2 7`22xBM; HBKBi rBHH #2 T`Qp2/ BM *?T@
i2` 8X A7 QM2 bbmK2b  bKQQi? +?M;2 Q7 #2?pBQ` 7`QK  .mMFH T`Q+2bb b β
+?M;2b- i?2M Bi b22Kb `2bQM#H2 iQ #2HB2p2 i?i .mMFH T`Q+2bb2b `2+? i?2
bi2/v bii2 BM  bKHH iBK2 7Q` H`;2 pHm2b Q7 βX h?Bb K2Mb i?i i?2`2 2tBbib
M 2biBKiBQM Q7 i?2 `2HtiBQM iBK2 i?i +M #2 +?B2p2/ #v KFBM; bQK2
bbmKTiBQMb QM i?2 BMBiBH /Bbi`B#miBQM- 2X;X +QKT+i bmTTQ`i- 2tTQM2MiBH
/2+v i H`;2 x- 2i+X h?2 `2bmHi T`2b2Mi2/ ?2`2- ?Qr2p2`- QMHv `2[mB`2b µ(x)
iQ ?p2 }MBi2 b2+QM/ KQK2Mib- M/ BM +QMb2[m2M+2 ;Bp2b  iBK2 #QmM/ i?i
b22Kb iQ 2t+22/ i?2 +imH `2HtiBQM iBK2 Q7 i?2 bvbi2KX
Ai Bb HbQ rQ`i? MQiBM; i?i 1[X U9X9XkdV Bb `2bTQMbB#H2 7Q` i?2 ?B;?2bi@
Q`/2` +Q``2+iBQMX "2+mb2 1 + βγ/dR > 1- i?2 H`;2bi +Q``2+iBQM Bb +mb2/ #v
i?2 +QKTQM2Mi Q7 x¯µ i?i Bb Q`i?Q;QMH iQ i?2 `QQi bvbi2KX h?Bb K2Mb i?i
B7 i?2 K2M Q7 µ(x) ?b  H`;2 +QKTQM2Mi BM i?2 bT+2 i?i Bb Q`i?Q;QMH iQ
aTM(R)- i?2 .mMFH T`Q+2bb rBHH iF2  HQM; iBK2 iQ `2+? i?2 bi2/v bii2X
h?Bb 7+i rBHH #2 BHHmbi`i2/ mbBM; MmK2`B+H bBKmHiBQMb Q7 i?2 BMi2`+iBM;
"`QrMBM KQiBQMb BM *?Ti2` eX AM //BiBQM- B7 x¯µ⊥ = 0- i?2 +Q``2+iBQM
/m2 iQ 1[X U9X9XkdV /2+`2b2b BM K;MBim/2 b β ;`QrbX h?2`27Q`2- .mMFH
T`Q+2bb2b QM  `QQi bvbi2K Q7 7mHH `MF +QMp2`;2 KQ`2 `TB/Hv iQ i?2 bi2/v
bii2 i H`;2 β i?M QM  `QQi bvbi2K rBi? dR < N BM ;2M2`HX
8y
*?Ti2` 8
6`22xBM; `2;BK2 BM M `#Bi``v
`QQi bvbi2K
h?2 /Bb+mbbBQM 7`QK i?2 T`2pBQmb +?Ti2` rb 7Q+mb2/ QM ?Qr .mMFH T`Q@
+2bb2b #2?p2 7i2`  HQM; iBK2- BM r?B+? +b2 i?2B` /Bbi`B#miBQM 7mM+iBQMb /Q
MQi /2T2M/ QM i?2 BMBiBH /Bbi`B#miBQMX >2`2- i?2 7Q+mb Bb b?B7i2/ iQ i?2 bBim@
iBQM BM r?B+? i?2 BMp2`b2 i2KT2`im`2 i2M/b iQ BM}MBiv Ui?2 7`22xBM; HBKBiVX
AM i?Bb +b2- .mMFH T`Q+2bb2b iiBM i?2B` bi2/v bii2 BMbiMiHv- M/ i?2B`
/Bbi`B#miBQM Bb ;Bp2M #v  bmK Q7 /2Hi 7mM+iBQMb HQ+HBx2/ BM i?2 T2F b2i
Q7 R BM ;2M2`H (e3)X AM bQK2 T`iB+mH` +b2b- bm+? b i?2 `QQi bvbi2Kb A
M/ B- i?2b2 b2ib Q7 TQBMib `2 B/2MiB}2/ b i?2 bQHmiBQM Q7 +2`iBM HQ;@62F2i2
T`Q#H2Kb b K2MiBQM2/ BM *?Ti2` j (dk)X
8XR a2iiBM;
AM i?Bb +b2- Bi Bb +QMp2MB2Mi iQ mb2 1[X UkXdXeV iQ 2tT`2bb i?2 T`Q##BHBiv
/Bbi`B#miBQM Q7 i?2 .mMFH T`Q+2bb rBi? i?2 BMBiBH /Bbi`B#miBQM µ(x)-
f(t,y) /y = wβ
(
y√
t
) 2−y2/2t
cβtN/2
∫
RN
2−x2/2tVβ 2tT
(x · y
t
)
µ(x) /x /y.
U8XRXRV
h?2 Q#D2+iBp2 BM i?Bb +?Ti2` Bb iQ +H+mHi2 ?Qr i?2 b+H2/ /Bbi`B#miBQM
f(t,
√
βtv)(βt)N/2 /v = wβ(v)2
−βv2/2
zβ
∫
RN
2−x2/2tVβ2x·v
√
β/tµ(x) /x /v
= fR(v)
∫
RN
2−x2/2tVβ2x·v
√
β/tµ(x) /x /v U8XRXkV
#2?p2b b β →∞X b K2MiBQM2/ BM *?TX j- i?2 T2F b2i Q7 i?2 `QQi bvbi2K
R Bb /2}M2/ b i?2 b2i Q7 p2+iQ`b {si}|W |i=1 r?2`2 i?2 7mM+iBQM FR(v,κ) iiBMb
8R
Bib KBMBK (e3)X bbmK2 i?i i?2 K2M M/ p`BM+2 Q7 i?2 /Bbi`B#miBQM µ(x)
`2 ;Bp2M #v x¯µ M/ s2µ U1[bX U9XkXdV M/ U9XkX3V `2bT2+iBp2HvVX h?2 7`22xBM;
HBKBi Q7  .mMFH T`Q+2bb Bb ;Bp2M #v i?2 7QHHQrBM;X
h?2Q`2K 8XRXRX AM i?2 HBKBi r?2`2 β →∞- i?2 b+H2/ T`Q##BHBiv /Bbi`B#m@
iBQM Q7  .mMFH T`Q+2bb 7Q` t > 0 Bb ;Bp2M #v
HBK
β→∞
f(t,
√
βtv)(βt)N/2 /v = 1|W |
|W |∑
i=1
δ(N)(v − si) /v. U8XRXjV
hrQ `2K`Fb `2 `2[mB`2/ iQ ;Bp2 /2[mi2 K2MBM; iQ i?2 bii2K2Mi
BM h?2Q`2K 8XRXRX h?2 }`bi `2K`F Bb i?i i?2 7`22xBM; HBKBi /2TB+i2/ BM
1[X U8XRXjV Bb /2`Bp2/ 7`QK i?2 b+H2/ /Bbi`B#miBQM f(t,√βtv)(βt)N/2 M/
MQi 7`QK i?2 bi2/v@bii2 /Bbi`B#miBQM fR(v)X AM 7+i- /m2 iQ 1[X U8XRXkV
i?2 7`22xBM; HBKBi Q7 f(t,√βtv)(βt)N/2 Bb Q#iBM2/ 7`QK i?2 7`22xBM; HBKBi Q7
fR(v) M/ Q7 i?2 BMi2;`H Qp2` µ(x)∫
RN
2−x2/2tVβ2x·v
√
β/tµ(x) /x. U8XRX9V
Ai rBHH #2 b?QrM BM G2KK 8XjXR i?i i?2 7`22xBM; HBKBi Q7 fR(v) Bb i?2 bmK
Q7 /2Hi 7mM+iBQMb QM i?2 `X?XbX Q7 1[X U8XRXjV- r?BH2 i?Bb BMi2;`H i2M/b iQ QM2
r?2M v = si b β →∞X
h?2 b2+QM/ `2K`F Bb i?i- #2+mb2 f(t,√βtv)(βt)N/2 M/ fR(v) `2 2[mH
BM i?2 7`22xBM; HBKBi 7Q` t > 0- Bi 7QHHQrb i?i b+H2/ .mMFH T`Q+2bb2b `2Ht
iQ i?2 bi2/v bii2 BMbiMiM2QmbHv r?2M β → ∞X h?Bb bii2K2Mi Bb ;Bp2M
 T?vbB+H K2MBM; b 7QHHQrbX _2+HHBM; i?2 a.1 Q7 `/BH .mMFH T`Q+2bb2b-
1[X U9XRXRV- i?2 a.1 Q7 i?2 b+H2/ T`Q+2bb Yt = Xt/
√
β +M #2 2bBHv 7QmM/
iQ #2
/Yt = /Bt√
β
+
1
2
∑
α∈R+
κ(α)α
α · Yt /t. U8XRX8V
6`QK i?2 aKQHm+?QrbFB@E`K2`b TT`QtBKiBQM (3d- 33)- i?Bb T`Q+2bb +M
#2 BMi2`T`2i2/ b  T`iB+H2 Q7 M2;HB;B#H2 Kbb BMbB/2  pBb+Qmb ~mB/ BM N
/BK2MbBQMbX h?2 T`iB+H2 BMi2`+ib rBi? M 2ti2`MH 7Q`+2−∇Φ rBi? TQi2MiBH
Φ(v) = − HQ;
[ ∏
α∈R+
|α · v|κ(α)/2
]
, U8XRXeV
M/ rBi? i?2 +QKTQM2Mi T`iB+H2b Q7 i?2 #+F;`QmM/ ~mB/ i?`Qm;? i?2`KH
UT`Q##BHBbiB+V +QHHBbBQMbX h?2 b2+QM/ BMi2`+iBQM Bb `2T`2b2Mi2/ ?2`2 #v i?2
i2`K /Bt/
√
βX 6`QK i?Bb TQBMi Q7 pB2r- i?2 7`22xBM; HBKBi +Q``2bTQM/b iQ i?2
bBimiBQM BM r?B+? i?2 i?2`KH pB#`iBQM Q7 i?2 T`iB+H2b Q7 i?2 #+F;`QmM/
8k
~mB/ Bb M2;HB;B#H2X "2+mb2 Yt = Xt/
√
β- i?2 BMBiBH +QM/BiBQM X0 = x Bb
i`MbHi2/ iQ Y0 = x/
√
β- M/ Bi 7QHHQrb i?i BM i?2 7`22xBM; HBKBi Y0 = 0
7Q` Mv x }MBi2X h?Bb K2Mb i?i r?2M β →∞ i?2 T`Q+2bb Yt Hrvb bi`ib
7`QK i?2 Q`B;BM- M/ #2+mb2 BM i?Bb `2;BK2 i?2 KQiBQM Q7 Yt Bb /2i2`KBMBbiB+-
Bib i`D2+iQ`v Bb BM/2T2M/2Mi Q7 i?2 BMBiBH +QM/BiBQM QM XtX hQ b22 i?Bb BM
1[X U8XRXjV- Bi bm{+2b iQ KF2 u = √tv iQ Q#iBM
HBK
β→∞
f(t,
√
βu)(β)N/2 /u = 1|W |
|W |∑
i=1
δ(N)(u−√tsi) /u. U8XRXdV
h?2`27Q`2- i?2 Ti? Q7 i?2 T`Q+2bb Yt BM i?2 7`22xBM; HBKBi Bb `2/m+2/ iQ 
/2i2`KBMBbiB+ b2i Q7 +m`p2b i?i `2 BM/2T2M/2Mi Q7 i?2 BMBiBH /Bbi`B#miBQMX
h?Bb Bb #2+mb2 BM i?2 b+H2 Q7 Yt- i?2 BMBiBH +QM/BiBQM µ(x) Bb `2/m+2/ iQ
 /2Hi 7mM+iBQM i i?2 Q`B;BM b β → ∞. h?2 Ki?2KiB+H #bBb 7Q` i?Bb
bb2`iBQM Bb ;Bp2M #v i?2 T`Q+2/m`2 BM a2+iBQM 8X9 mbBM; i?2 p`B#H2 bm#biBim@
iBQMb u = v/√t M/ x = √βξ- M/ Bi Bb QKBii2/ 7Q` #`2pBivX 7i2` i?Bb HQM;
+QMbB/2`iBQM- Bi +M #2 +QM+Hm/2/ i?i .mMFH T`Q+2bb2b BM i?2 7`22xBM; HBKBi
`2Ht BMbiMiM2QmbHv #2+mb2 i iBK2b t > 0 M BMBiBH /Bbi`B#miBQM µ(x) Bb
HQ+HBx2/ +HQb2 iQ i?2 Q`B;BM r?2M pB2r2/ 7`QK i?2 b+H2 Q7 v = y/√βtX *QM@
b2[m2MiHv- i?2 /`B7i i2`Kb Q7 i?2 T`Q+2bb `2 bB;MB}+MiHv bi`QM;2` i?M i?2
i?2`KH ~m+imiBQMb- r?B+? BM im`M HHQrb i?2 bvbi2K iQ +?B2p2 i?2 bi2/v
bii2 7bi2` b β ;`Qrb iQ BM}MBivX
8Xk h?2 .mMFH F2`M2H BM i?2 7`22xBM; `2;BK2
"27Q`2 i+FHBM; i?2 T`QQ7 Q7 h?KX U8XRXRV- Bi Bb M2+2bb`v iQ BMp2biB;i2 i?2
#2?pBQ` Q7 i?2 BMi2;`H BM 1[X U8XRXkV- r?B+? BM im`M BMpQHp2b i?2 #2?pBQ`
Q7 i?2 .mMFH F2`M2H b β i2M/b iQ BM}MBivX h?2 Q#D2+iBp2 Q7 i?Bb b2+iBQM Bb iQ
/2`Bp2 i?2 7Q`K Q7 i?2 .mMFH F2`M2H BM i?Bb `2;BK2X .2}M2 i?2 HBKBi
V∞f(x) := HBK
β→∞
Vβf(x) U8XkXRV
7Q` 7mM+iBQMb f(x) ∈ A|x|- r?2`2 i?2 b2i A|x| Bb /2}M2/ BM 1[bX UkX9XjV M/
UkX9X9VX
G2KK 8XkXRX h?2 7mM+iBQM V∞f(x) Bb W @BMp`BMiX
S`QQ7X *QMbB/2` 1[X UkX9XRV /BpB/2/ #v βX ``M;BM; i2`Kb- QM2 Q#iBMb
1
β
[
Vβ
∂
∂xi
f(x)− ∂
∂xi
Vβf(x)
]
=
1
2
∑
α∈R+
αiκ(α)
(1− σα)Vβf(x)
α · x U8XkXkV
8j
7Q` i = 1, . . . , N X .m2 iQ i?2 #QmM/2/M2bb Q7 Vβ U1[X UkX9X3VV- r?B+? Bb
BM/2T2M/2Mi Q7 β- i?2 i2`K QM i?2 HX?XbX i2M/b iQ y r?2M β →∞X h?2`27Q`2-
BM i?2 7`22xBM; HBKBi i?2 i2`K QM i?2 `X?XbX Kmbi pMBb? 7Q` Mv KmHiBTHB+Biv
7mM+iBQM κ(α) M/ Mv f(x) ∈ A|x|X h?Bb K2Mb i?i V∞f(x) = V∞f(σαx)
7Q` Mv α- r?B+? BKTHB2b i?i V∞f(x) Kmbi #2 W @BMp`BMiX
b  +QMb2[m2M+2 Q7 G2KK 8XkXR- Bi Bb M2+2bb`v iQ }M/ }`bi@ M/ b2+QM/@
Q`/2` +QK#BMiBQMb Q7 .mMFH QT2`iQ`b i?i T`2b2`p2 i?2W @BMp`BM+2X h?2b2
QT2`iQ`b rBHH #2 i?2 KBM iQQHb BM i?2 /2`BpiBQM Q7 i?2 .mMFH F2`M2H BM i?2
7`22xBM; `2;BK2X 6Q` i?2 }`bi@Q`/2` +b2- QM2 ?b i?2 7QHHQrBM;X
G2KK 8XkXkX 6mHH@`MF `QQi bvbi2Kb /Q MQi ?p2 }`bi@Q`/2` QT2`iQ`b r?B+?
T`2b2`p2 i?2 W @BMp`BM+2X 6Q` `QQi bvbi2Kb i?i `2 MQi Q7 7mHH `MF- Mv
QT2`iQ` Q7 i?2 7Q`K ∑Ni=1 ξiTi rBi? ξ = (ξ1, . . . , ξN)T Q`i?Q;QMH iQ aTM(R)
T`2b2`p2b i?2 W @BMp`BM+2X
S`QQ7X amTTQb2 i?i i?2 7mM+iBQM f(x) Bb W @BMp`BMiX h?2 Q#D2+iBp2 Bb iQ
}M/ Qmi r?2i?2`
Tξf(x) = ξ ·∇f(x) + β
2
∑
α∈R+
(ξ ·α)κ(α)(1− σα)f(x)
α · x U8XkXjV
Bb W @BMp`BMiX h?2 bmK QM i?2 `X?XbX pMBb?2b #2+mb2 f(x) = f(σαx) 7Q`
α ∈ R- M/ i?mb
Tξf(x) = ξ ·∇f(x). U8XkX9V
6`QK 1[X UkXRX3V- 7Q` ρ ∈ W -
ρ
[ ∂
∂xi
f(x)
]
=
∂f(ρTx)
∂(ρTx)i
. U8XkX8V
h?2M- rBi? ρi /2MQiBM; i?2 ii? +QHmKM Q7 i?2 Ki`Bt `2T`2b2MiiBQM Q7 ρ- QM2
?b i?2 2[miBQM
ρ
[ ∂
∂xi
f(x)
]
= ρi ·∇[ρf(x)] = ρi ·∇f(x). U8XkXeV
6Q` i?2 `X?XbX Q7 1[X U8XkX9V iQ #2 W @BMp`BMi- Bi Bb `2[mB`2/ i?i
ξ ·∇f(x) = ρ[ξ ·∇f(x)] =
N∑
j=1
ξjρ
[ ∂
∂xi
f(x)
]
= [ρξ] ·∇f(x) U8XkXdV
7Q` Mv ρ ∈ W X h?Bb K2Mb i?i ξ T`2b2`p2b i?2W @BMp`BM+2 Q7 f QMHv r?2M
ρξ = ξX h?i Bb- σαξ = ξ U∀α ∈ RV- r?B+? K2Mb i?i ξ Kmbi #2 Q`i?Q;QMH
iQ HH i?2 `QQib BM RX h?2 `2bmHi 7QHHQrbX
89
Pmi Q7 HH i?2 b2+QM/@Q`/2` +QK#BMiBQMb Q7 .mMFH QT2`iQ`b- i?2 .mMFH
GTH+BM Bb i?2 QMHv QM2 r?B+? ?b i?2 7QHHQrBM; T`QT2`ivX
G2KK 8XkXjX h?2 .mMFH GTH+BM T`2b2`p2b i?2 W @BMp`BM+2 7Q` Mv
`QQi bvbi2KX
S`QQ7X 6Q` f(x) W @BMp`BMi M/ M `#Bi``v `2H bvKK2i`B+ Ki`Bt [A]ij =
aij- i?2 7QHHQrBM; 2tT`2bbBQM ?QH/b-
∑
1≤i,j≤N
aijTiTjf(x) =
∑
1≤i,j≤N
aij
[ ∂2
∂xi∂xj
+
β
2
∑
α∈R+
αiκ(α)
1− σα
α · x
∂
∂xj
]
f(x). U8XkX3V
h?2 Qi?2` i2`Kb pMBb? /m2 iQ i?2W @BMp`BM+2 Q7 f X h?2 Q#D2+iBp2 Bb iQ }M/
+QM/BiBQMb QM i?2 Ki`Bt A r?B+? KF2 i?2 HX?XbX Q7 1[X U8XkX3V W @BMp`BMiX
1+? i2`K BM i?2 `X?XbX Kmbi T`2b2`p2 i?2 W @BMp`BM+2 Q7 f X h?2`27Q`2- QM2
Kv 2tKBM2 2+? i2`K b2T`i2HvX
*QMbB/2` i?2 }`bi i2`K BM i?2 2tT`2bbBQMX amTTQb2 i?i ρ ∈ W X lbBM;
1[X U8XkXeV M/ i?2 W @BMp`BM+2 Q7 f - QM2 Q#iBMb,
∑
1≤i,j≤N
aij
∂2
∂xi∂xj
f(x) = ρ
[ ∑
1≤i,j≤N
aij
∂2
∂xi∂xj
f(x)
]
=
∑
1≤i,j≤N
aijρi ·∇[ρj ·∇f(x)]
=
∑
1≤i,j≤N
[ρTAρ]ij
∂
∂xi
∂
∂xj
f(x). U8XkXNV
h?2M- 7Q` Mv ρ ∈ W -
A = ρTAρ. U8XkXRyV
*QMbB/2` MQr i?2 b2+QM/ i2`KX AM ;2M2`H-
ρ
[ ∑
α∈R+
αiκ(α)
1− σα
α · x
∂f(x)
∂xj
]
=
∑
α∈R+
αiκ(α)
1− σρα
(ρα) · x [ρj ·∇f(x)]
=
∑
α′∈R+
[ρi ·α]κ(α′)1− σα′
α′ · x [ρj ·∇f(x)]. U8XkXRRV
>2`2- 1[X U8XkXeV ?b #22M mb2/- M/ BM i?2 Hbi HBM2 i?2 `QQib α′ = ρα ?p2
#22M /2}M2/X h?2 b2+QM/ i2`K i`Mb7Q`K2/ #v ρ- BM+Hm/BM; i?2 bmK Qp2` i
88
M/ j- #2+QK2b
β
2
∑
1≤i,j≤N
aijρ
[ ∑
α∈R+
αiκ(α)
1− σα
α · x
∂f(x)
∂xj
]
=
β
2
∑
α∈R+
κ(α)
1− σα
α · x [ρAρ
Tα] ·∇f(x). U8XkXRkV
h?mb- B7 i?2 b2+QM/ i2`K Bb W @BMp`BMi- i?2 7QHHQrBM; +QM/BiBQM Kmbi ?QH/,
β
2
∑
α∈R+
κ(α)
1− σα
α · x [ρAρ
Tα] ·∇f(x) = β
2
∑
α∈R+
κ(α)
1− σα
α · x [Aα] ·∇f(x).
U8XkXRjV
h?Bb K2Mb i?i 7Q` #Qi? i2`Kb BM 1[X U8XkX3V iQ #2 W @BMp`BMi- i?2
+QM/BiBQM ;Bp2M #v 1[X U8XkXRyV Kmbi ?QH/X 6Q` `QQi bvbi2Kb rBi? dR = N
i?Bb +QM/BiBQM Bb QMHv biBb}2/ #v A = cI rBi? c ∈ RX q?2M dR < N - QM2
`2[mB`2b A = (cIdR)⊗ A′X h?i Bb- A Kmbi #2?p2 HBF2 M B/2MiBiv Ki`Bt BM
i?2 bm#bT+2 aTM(R) M/ HBF2 M `#Bi``v bvKK2i`B+ Ki`Bt BM i?2 bm#bT+2
i?i Bb Q`i?Q;QMH iQ aTM(R)X a2iiBM; A = I BM 1[X U8XkX3V vB2H/b i?2 .mMFH
GTH+BM- r?B+? biBb}2b 1[X U8XkXRyV 7Q` HH `QQi bvbi2KbX
6`QK i?2 T`2pBQmb irQ H2KKb- Bi Bb +H2` i?i i?2 #2?pBQ` Q7 i?2 .mMFH
F2`M2H /2T2M/b QM i?2 `MF Q7 i?2 `QQi bvbi2KX *QMbB/2`  `QQi bvbi2K Q7
`MF H2bb i?M N X h?2M- QM2 Kv +QMbB/2` i?2 #bBb mb2/ 7Q` G2KK 9XjXR-
{φi}Ni=1X AM i?Bb +b2- i?2 .mMFH F2`M2H BM i?2 7`22xBM; HBKBi Bb ;Bp2M #v i?2
7QHHQrBM; bBKTH2 7Q`KX
G2KK 8XkX9X 6Q` `QQi bvbi2Kb rBi? dR < N - i?2 7`22xBM; HBKBi Q7 i?2 .mMFH
F2`M2H Bb ;Bp2M #v
V∞2x·y = HBK
β→∞
Vβ2x·y = 2tT
[ ∑
dR<i≤N
(x · φi)(φi · y)
]
. U8XkXR9V
S`QQ7X 6Q` i?Bb /2`BpiBQM- /2MQi2 V∞2x·y #v g(x,y)X "v G2KK 8XkXR- i?2
7mM+iBQM g(x,y) Kmbi #2 W @BMp`BMiX i i?2 bK2 iBK2- #v /2}MBiBQM-
TξVβ2x·y = ξ · yVβ2x·y U8XkXR8V
7Q` HH β > 0 M/ ξ ∈ RN X >Qr2p2`- #v G2KK 8XkXk- i?2 QT2`iQ` Tξ /Q2b
MQi T`2b2`p2 W @BMp`BM+2 mMH2bb ξ Bb Q`i?Q;QMH iQ aTM(R)X h?2`27Q`2-
1[X U8XkXR8V QMHv ?QH/b BM i?2 HBKBi β → ∞ r?2M ξ Bb  HBM2` +QK#BMiBQM
8e
Q7 {φi}dR<i≤N - Qi?2`rBb2 Bi Kmbi #2 x2`Q #2+mb2 W @BMp`BMi M/ MQM@W @
BMp`BMi [mMiBiB2b +MMQi #2 B/2MiB+HHv 2[mHX
6Q` dR < j ≤ N - QM2 ?b
Tφj = φj ·∇+
β
2
∑
α∈R+
[φj ·α]κ(α)1− σα
α · x = φj ·∇, U8XkXReV
#2+mb2 φj ·α = 0 ∀α ∈ R, dR < j ≤ N X h?2M- r?2M β →∞-
φj ·∇g(x,y) = [φj · y]g(x,y) U8XkXRdV
7Q` 2p2`v dR < j ≤ N X *QMbB/2` i?2 Q`i?Q;QMH KT Z bm+? i?i [Z]ij =
ζij = [φj]i M/ /2}M2 u,v ∈ RN bm+? i?i
x = Zu ⇐⇒ u = ZTx, U8XkXR3V
y = Zv ⇐⇒ v = ZTy. U8XkXRNV
.2}M2 gZ(u,v) = g(x,y)X h?2M- 1[X U8XkXRdV #2+QK2b
∂
∂uj
gZ(u,v) =
{
vjgZ(u,v) B7 dR < j ≤ N,
0 Qi?2`rBb2X U8XkXkyV
E22TBM; BM KBM/ i?2 +QM/BiBQM g(0,y) = 1- i?2 bQHmiBQM Bb
gZ(u,v) = 2tT
[ ∑
dR<i≤N
uivi
]
, U8XkXkRV
M/ i?2 T`QQ7 Bb +QKTH2i2/ #v i`Mb7Q`KBM; u M/ v #+F BMiQ x M/ yX
h?2 7`22xBM; HBKBi Q7 i?2 .mMFH F2`M2H 7Q` `QQi bvbi2Kb Q7 7mHH `MF iF2b
 /Bz2`2Mi 7Q`K- M/ Bi Bb MQM@i`BpBH QMHv r?2M Bib `;mK2Mib `2 b+H2/ #v
 7+iQ` Q7 √βX
G2KK 8XkX8X 6Q` `QQi bvbi2Kb rBi? dR = N - V∞2x·y = 1X 6m`i?2`KQ`2-
HBK
β→∞
Vβ2
√
βx·y = 2tT
[x2y2
2γ
]
. U8XkXkkV
S`QQ7X h?2 }`bi T`i Q7 i?2 bii2K2Mi 7QHHQrb 7`QK G2KK 8XkXk M/ i?2 MQ`@
KHBxiBQM Q7 i?2 BMi2`irBMBM; QT2`iQ` UVβ1 = 1 ∀βVX h?mb- BM i?2 2tTMbBQM
Vβ2x·y =
∞∑
n=0
Vβ
(x · y)n
n!
, U8XkXkjV
8d
HH i2`Kb pMBb? b β → ∞ 2t+2Ti 7Q` i?2 x2`Qi? Q`/2` i2`K r?B+? Bb 2[mH
iQ QM2X
hQ T`Qp2 i?2 b2+QM/ T`i Q7 i?2 bii2K2Mi- i?2 /2+v rBi? β Q7 2+? Q7
i?2 i2`Kb BM i?Bb 2tTMbBQM Bb /2`Bp2/X "v G2KK 9XjXR- i?2 }`bi Q`/2` i2`K
Bb
Vβx · y = x · y
1 + βγ/N
β H`;2≈ Nx · y
βγ
∼ 1
β
. U8XkXk9V
"v G2KK 8XkXR- i?2 7`22xBM; HBKBi 2HBKBMi2b i?2 MQM@W @BMp`BMi T`i Q7
Vβ 2tT(x · y) 7bi2` i?M Bib W @BMp`BMi T`iX *QMb2[m2MiHv- i?2 bHQr2bi
/2+v 7Q` 2+? Q7 i?2 i2`Kb BM 1[X U8XkXkjV Bb Q#iBM2/ #v mbBM; i?2 .mMFH
GTH+BM- r?B+? `2Hi2b ?B;?2`@Q`/2` i2`Kb rBi? HQr2`@Q`/2` i2`Kb r?BH2
+QMb2`pBM; i?2B` W @BMp`BM+2 UG2KK 8XkXjVX
AM ;2M2`H- 2+? i2`K BM i?2 2tTMbBQM U8XkXkjV biBb}2b
y2
β
Vβ
(x · y)n−2
(n− 2)! =
[ 1
β
∆ +
∑
α∈R+
κ(α)
(α ·∇
α · x −
α2
2
1− σα
(α · x)2
)]
Vβ
(x · y)n
n!
U8XkXk8V
7Q` n > 1X >2`2- i?2 Ki?2KiB+H BM/m+iBQM K2i?Q/ Bb mb2/X bbmK2 i?i
Vβ
(x · y)2m
(2m)!
∼ 1
βm
M/ Vβ (x · y)
2m+1
(2m+ 1)!
∼ 1
βm+1
, U8XkXkeV
M/ MQi2 i?i i?2b2 bbmKTiBQMb ?QH/ 7Q` m = 0X "2+mb2 bTiBH T`iBH
/2`BpiBp2b M/ σα /Q MQi ?p2 M 2z2+i QM β- QM2 Kv r`Bi2∑
α∈R+
κ(α)
(α ·∇
α · x −
α2
2
1− σα
(α · x)2
)
Vβ
(x · y)n
n!
=
1
β
[
y2Vβ
(x · y)n−2
(n− 2)! −∆Vβ
(x · y)n
n!
]
β H`;2≈ y
2
β
Vβ
(x · y)n−2
(n− 2)! ∼
{
1
βm+1 7Q` n = 2(m+ 1),
1
βm+2 7Q` n = 2(m+ 1) + 1.
U8XkXkdV
"v BM/m+iBQM- 1[X U8XkXkeV ?QH/b 7Q` m ≥ 0X h?2M- Bi 7QHHQrb i?i
Vβ
βm(x · y)2m
(2m)!
U8XkXk3V
+QMp2`;2b iQ  MQM@x2`Q pHm2 b β →∞ M/ i?i
Vβ
βm+1/2(x · y)2m+1
(2m+ 1)!
∼ 1√
β
β→∞−→ 0. U8XkXkNV
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AM Qi?2` rQ`/b- i?2 i2`Kb Q7 Q// Q`/2`b pMBb? BM i?2 HBKBiX
.2}M2 i?2 7`22xBM; HBKBi Q7 i?2 b+H2/ 2p2M i2`Kb Q7 i?2 2tTMbBQM U8XkXkjV
#v
Lm(x,y) := HBK
β→∞
Vβ
βm(x · y)2m
(2m)!
. U8XkXjyV
h?2b2 7mM+iBQMb- #v G2KK 8XkXR- `2 W @BMp`BMiX JmHiBTHvBM; 1[X U8XkXk8V
#v βm rBi? n = 2m ;Bp2b
y2Vβ
βm−1(x · y)2(m−1)
(2(m− 1))!
=
[ 1
β
∆+
∑
α∈R+
κ(α)
(α ·∇
α · x −
α2
2
1− σα
(α · x)2
)]
Vβ
βm(x · y)2m
(2m)!
. U8XkXjRV
hFBM; i?2 7`22xBM; HBKBi Q7 i?Bb 2[miBQM vB2H/b
y2Lm−1(x,y) =
∑
α∈R+
κ(α)
α ·∇Lm(x,y)
α · x . U8XkXjkV
h?Bb 2[miBQM ?b i?2 #QmM/`v +QM/BiBQM
Lm(0,y) = δ0,m. U8XkXjjV
G2i mb bbmK2 i?2 7QHHQrBM; bQHmiBQM-
Lm(x,y) =
1
m!
(x2y2
2γ
)m
. U8XkXj9V
Ai biBb}2b i?2 #QmM/`v +QM/BiBQM U8XkXjjV- M/ BMb2`iBM; Bi BMiQ 1[X U8XkXjkV
;Bp2b
∑
α∈R+
κ(α)
α ·∇Lm(x,y)
α · x = Lm−1(x,y)
y2
γ
∑
α∈R+
κ(α) = y2Lm−1(x,y)
U8XkXj8V
7Q` HH m > 0X h?mb- bmKKBM; mT Qp2` m i?2 G2KK Bb T`Qp2/- BX2X-
HBK
β→∞
Vβ2
√
βx·y =
∞∑
m=0
Lm(x,y) = 2tT
(x2y2
2γ
)
. U8XkXjeV
AM //BiBQM iQ i?Bb H2KK- Bi Bb TQbbB#H2 iQ +QMbB/2` 1[X U8XkXkkV r?2M β Bb
H`;2 #mi }MBi2X "v G2KK 8XkXR- i?2 MQM@W @BMp`BMi T`i Q7 Vβ 2tT[
√
βx·y]
8N
+M #2 M2;H2+i2/X h?2 `2bmHi Q7 TTHvBM; i?2 .mMFH GTH+BM iQ i?2 b+H2/
.mMFH F2`M2H vB2H/b i?2 2[miBQM
y2Vβ2
√
βx·y =
[ 1
β
∆+
∑
α∈R+
κ(α)
(α ·∇
α · x
)]
Vβ2
√
βx·y U8XkXjdV
7i2` /BpB/BM; #v βX AM pB2r Q7 1[X U8XkXkkV- i?2 7Q`K 2tT[x2y2/2η] rBi?
η > 0 Bb  `2bQM#H2 TT`QtBKiBQM iQ i?2 bQHmiBQM Q7 i?Bb 2[miBQM 7Q` H`;2
βX AMb2`iBM; i?Bb 7Q`K BM 1[X U8XkXjdV ;Bp2b i?2 7QHHQrBM; 2[miBQM 7Q` η-
η =
1
2β
[N + βγ +
√
(N + βγ)2 + 4βx2y2]
β H`;2≈ γ
2
+
√
γ2
4
+
x2y2
β
. U8XkXj3V
6`QK i?Bb `2HiBQM- Bi 7QHHQrb i?i
HBK
β→∞
η = γ, U8XkXjNV
η
β,x H`;2≈ xy/
√
β. U8XkX9yV
h?mb- 7Q` x }MBi2
Vβ 2tT[
√
βx · y] β H`;2≈ 2tT
[ x2y2
2(γ + εβ)
]
, U8XkX9RV
r?2`2 εβ Bb ;Bp2M #v
εβ =
{
x2y2/(βγ) r?2M x. √β,
xy/
√
β r?2M x- √β. U8XkX9kV
h?2 `;mK2Mib Q7 i?2 .mMFH F2`M2H i?i TT2`b BMbB/2 i?2 BMi2;`H BM
1[X U8XRXkV `2 b+H2/ b v(β/t)1/2X h?mb- Bi Bb M2+2bb`v iQ 2biBKi2 M
2tT`2bbBQM 7Q` i?Bb b+H2/ .mMFH F2`M2H iQ T`Qp2 h?KX 8XRXRX hQ 2biBKi2
i?Bb HBKBi QM2 Kmbi #2 +`27mH r?2M `2TH+BM; x #v √βx BM 1[X U8XkXR9VX
1[miBQM U8XkXkkV `2bmHib 7`QK bm+?  b+HBM;- M/ Bi +QMiBMb β@BM/2T2M/2Mi
i2`KbX h?2`27Q`2- Bi Bb 2tT2+i2/ i?i `2TH+BM; x #v √βx BM 1[X U8XkXR9V
T`Q/m+2b //BiBQMH i2`Kb r?B+? +Q``2bTQM/ iQ x‖ M/ y‖X
G2KK 8XkXeX h?2 .mMFH F2`M2H BM i?2 7`22xBM; `2;BK2 Bb ;Bp2M #v i?2 2t@
T`2bbBQM
Vβ2
√
βx·y β H`;2≈ 2tT
[√
βx⊥ · y⊥ +
x2‖y
2
‖
2(γ + εβ)
]
. U8XkX9jV
ey
S`QQ7X *QMbB/2` i?2 b+H2/ .mMFH F2`M2H
E(x,y) := Vβ2
√
βx·y. U8XkX99V
"v /2}MBiBQM- E(x,y) Kmbi biBb7v i?2 7QHHQrBM; irQ 2[miBQMb,
TξE(x,y) =
√
βξ · yE(x,y), U8XkX98V
N∑
i=1
T 2i E(x,y) = βy
2E(x,y). U8XkX9eV
G2i mb i`Mb7Q`K i?2 p2+iQ`b x M/ y BMiQ u M/ v #v mbBM; 1[bX U8XkXR3V
M/ U8XkXRNVX .2}M2 i?2 i`Mb7Q`K2/ .mMFH F2`M2H #v
EZ(u,v) := E(x,y). U8XkX9dV
h?2 p`BQmb QT2`iQ`b i?i TT2` BM i?2 .mMFH QT2`iQ`b `2 i`Mb7Q`K2/
b 7QHHQrb, i?2 /B`2+iBQMH /2`BpiBp2 #2+QK2b
ξ ·∇E(x,y) = (ZTξ) ·∇uEZ(u,v), U8XkX93V
M/ i?2 `2~2+iBQM QT2`iQ` im`Mb BMiQ
σαE(x,y) = E(σαx,y) = EZ(Z
TσαZu,v)
= EZ(σZTαu,v) = σZTαEZ(u,v). U8XkX9NV
lbBM; i?2b2 i`Mb7Q`KiBQMb- i?2 .mMFH QT2`iQ` Tξ #2+QK2b
TξE(x,y) = (Z
Tξ) ·∇uEZ(u,v) + β
2
∑
α∈R+
[ξ ·α]κ(α) 1− σZTα
(ZTα) · uEZ(u,v)
= (ZTξ) ·∇uEZ(u,v) + β
2
∑
αZ∈RZ+
[(ZTξ) ·αZ ]κZ(αZ)1− σαZ
αZ · u EZ(u,v).
U8XkX8yV
AM i?2 Hbi HBM2- i?2 `QQi bvbi2K RZ Bb ;Bp2M #v
RZ = {αZ = ZTα : α ∈ R}, U8XkX8RV
M/ Bib +Q``2bTQM/BM; KmHiBTHB+Biv 7mM+iBQM Bb /2}M2/ bQ i?i κZ(αZ) = κ(α)X
"2+mb2 i?2 Hbi N − dR p2+iQ`b Q7 i?2 #bBb {φi}Ni=1 `2 Q`i?Q;QMH iQ
aTM(R)- [αZ ]j = 0 7Q` dR < j ≤ N ,
[αZ ]j = [Z
Tα]j =
N∑
i=1
[Z]ijαi =
N∑
i=1
[φj]iαi = φj ·α = 0. U8XkX8kV
eR
h?mb- B7 ξ = φi- i?2M ZTξ = ei M/ i?2 .mMFH QT2`iQ` #2+QK2b
TφiE(x,y) =
TZ,iEZ(u,v) =
[ ∂
∂ui
+
β
2
∑
αZ∈RZ+
αZ,iκZ(αZ)
1− σαZ
αZ · u
]
EZ(u,v) U8XkX8jV
r?2M 1 ≤ i ≤ dR- M/ i?2 p`B#H2b udR+1, . . . , uN /Q MQi TT2` BM i?2 /Qi
T`Q/m+ib αZ · uX
q?2M dR < i ≤ N - i?2 .mMFH QT2`iQ`b #2+QK2 T`iBH /2`BpiBp2b-
TZ,iEZ(u,v) =
∂
∂ui
EZ(u,v). U8XkX89V
"2+mb2 Q7 i?2 T`QT2`iv U8XkX8kV- i?2 .mMFH QT2`iQ`b TZ,i +i QMHv QM i?2
bT+2 aTM(R) 7Q` 1 ≤ i ≤ dRX h?mb- QM2 Kv mb2 i?2 K2i?Q/ Q7 b2T`iBQM
Q7 p`B#H2bX
.2}M2 FZ(u‖,v‖) M/ GZ(u⊥,v⊥) rBi? i?2 p2+iQ`b u‖ = (u1, . . . , udR)T -
u⊥ = (udR+1, . . . , uN)
T M/ bBKBH` 2tT`2bbBQMb 7Q` v‖ M/ v⊥- bm+? i?i
EZ(u,v) = FZ(u‖,v‖)GZ(u⊥,v⊥). U8XkX88V
h?2M- 7Q` dR < i ≤ N - 1[X U8XkX98V `2/b-
∂
∂ui
GZ(u⊥,v⊥) =
√
βφi · (ZTv⊥)GZ(u⊥,v⊥) =
√
βviGZ(u⊥,v⊥). U8XkX8eV
h?Bb Bb MQi?BM; #mi 1[X U8XkXkyV b+H2/ mT #v  7+iQ` Q7 √β-
GZ(u⊥,v⊥) = 2tT
[√
β
∑
dR<i≤N
uivi
]
= 2tT[
√
βu⊥ · v⊥]. U8XkX8dV
h?2 +Q``2bTQM/BM; bQHmiBQM 7Q` FZ(u‖,v‖) Bb Q#iBM2/ b BM G2KK 8XkX8X
"2+mb2 i?2 .mMFH GTH+BM Bb BM/2T2M/2Mi Q7 i?2 Q`i?Q;QMH #bBb Ub22
1[X UkXkXdVV- QM2 Kv r`Bi2 1[X U8XkX9eV b
βv2EZ(u,v) = βy
2E(x,y) =
N∑
i=1
T 2φiE(x,y) =
N∑
i=1
T 2Z,iEZ(u,v)
=
dR∑
i=1
T 2Z,iEZ(u,v) +
N∑
i=dR+1
∂2
∂u2i
EZ(u,v). U8XkX83V
ek
"2+mb2 v2 = v2‖ + v2⊥-
1
FZ(u‖,v‖)
dR∑
i=1
T 2Z,iFZ(u‖,v‖)− βv2‖ =
βv2⊥ −
1
GZ(u⊥,v⊥)
N∑
i=dR+1
∂2
∂u2i
GZ(u⊥,v⊥) = c, U8XkX8NV
r?2`2 c Bb  +QMbiMiX 6`QK 1[X U8XkX8dV Bi Bb 7QmM/ i?i c = 0- bQ i?2
2[miBQM 7Q` FZ(u‖,v‖) Bb
dR∑
i=1
T 2Z,iFZ(u‖,v‖) = βv
2
‖FZ(u‖,v‖). U8XkXeyV
"v 1[X U8XkX9RV- 7Q` H`;2 pHm2b Q7 β-
FZ(u‖,v‖)
β H`;2≈ 2tT
[ u2‖v2‖
2(γ + εβ)
]
, U8XkXeRV
r?2`2 HBKβ→∞ εβ = 0X _2bb2K#HBM; E(x,y) vB2H/b i?2 `2bmHiX
qBi? i?2 bvKTiQiB+ 7Q`K BM 1[X U8XkX9jV M/ mbBM; 1[bX U9XkXkV M/
U9XkX9V- QM2 Kv `2r`Bi2 1[X U8XRXkV b 7QHHQrb-
f(t,
√
βtv)(βt)N/2 /v
β H`;2≈ 2
−βFR(v,κ)
zβ
∫
RN
2−x2/2t 2tT
[√β
t
x⊥ · v⊥ +
x2‖v
2
‖
2(γ + εβ)t
]
µ(x) /x /v.
U8XkXekV
8Xj ai2/v@bii2 /Bbi`B#miBQM b β →∞
AM i?Bb b2+iBQM- i?2 Q#D2+iBp2 rBHH #2 iQ 2tKBM2 i?2 #2?pBQ` Q7 i?2 bi2/v@
bii2 /Bbi`B#miBQM
fR(v, β) =
2−βFR(v,κ)
zβ
U8XjXRV
BM i?2 7`22xBM; `2;BK2X AMimBiBp2Hv- Bi Bb +H2` i?i b β ;`Qrb- i?Bb /Bbi`B@
#miBQM rBHH iF2 H`;2 pHm2b M2` i?2 KBMBK Q7 FR(v,κ) M/ bKHH pHm2b
2p2`vr?2`2 2Hb2X .2MQi2 Mv p2+iQ` r?2`2 FR(v,κ) iiBMb  KBMBKmK #v sX
h?2M- QM2 ?b i?2 7QHHQrBM; `2bmHiX
ej
G2KK 8XjXRX AM i?2 7`22xBM; `2;BK2- i?2 /Bbi`B#miBQM fR(v, β) ?b i?2 7Q`K
fR(v, β) ≈ β
N/2 /2iH
piN/2|W |
∑
ρ∈W
2−β(v−ρs)TH(v−ρs) β→∞−→ 1|W |
∑
ρ∈W
δ(N)(v − ρs).
U8XjXkV
S`QQ7X q?2M β iF2b QM bm{+B2MiHv H`;2 pHm2b- QM2 Kv mb2  b//H2@TQBMi
TT`QtBKiBQM iQ +H+mHi2 zβX h?Bb- Q7 +Qm`b2- `2[mB`2b FMQrH2/;2 Q7 i?2
2ti`2K Q7 FR(v,κ) r?B+? Q++m` i i?2 bQHmiBQMb Q7
∂
∂vi
FR(v,κ) = vi −
∑
α∈R+
κ(α)
α · vαi = 0, 1 ≤ i ≤ N. U8XjXjV
.2MQi2 QM2 bQHmiBQM p2+iQ` Q7 i?2b2 2[miBQMb #v s-
s =
∑
α∈R+
κ(α)
α · sα. U8XjX9V
h?2`27Q`2- i?2 p2+iQ` s #2HQM;b iQ i?2 HBM2` 2Mp2HQT2 Q7 i?2 `QQi bvbi2KX
LQi2 i?i s2 = γ #2+mb2 Q7 1[X UkXjXk9V-
s2 = s · s =
∑
α∈R+
κ(α)
α · ss ·α =
∑
α∈R+
κ(α) = γ. U8XjX8V
h?2 2H2K2Mib Q7 i?2 >2bbBM Ki`Bt H(v) Q7 FR(v,κ) `2 ;Bp2M #v
[H(v)]ij =
∂2
∂vj∂vi
FR(v,κ) = δij +
∑
α∈R+
κ(α)
(α · v)2αiαj. U8XjXeV
H(v) Bb  TQbBiBp2 /2}MBi2 Ki`Bt 7Q` v ·α )= 0- #2+mb2 7Q` x ∈ RN -∑
1≤i,j≤N
xixj
∂2
∂vj∂vi
FR(v,κ) = x
2 +
∑
α∈R+
κ(α)
(α · v)2 (α · x)
2 ≥ 0. U8XjXdV
h?2`27Q`2- HH i?2 2ti`2K Q7 FR(v,κ) `2 KBMBKX
hFBM; ρ ∈ W - QM2 ?b
ρs =
∑
α∈R+
κ(α)
α · sρα =
∑
α′∈R+
κ(α′)
ρ−1α′ · sα
′ =
∑
α′∈R+
κ(α′)
α′ · ρsα
′. U8XjX3V
>2`2- i?2 bm#biBimiBQM α′ = ρα ?b #22M +``B2/ QmiX h?Bb K2Mb i?i ρs
Bb HbQ  bQHmiBQM Q7 1[X U8XjXjV- M/ +QMb2[m2MiHv- Bib bQHmiBQMb `2 `2Hi2/
e9
rBi? 2+? Qi?2` #v M 2H2K2Mi Q7 i?2 `2~2+iBQM ;`QmT W X h?2`27Q`2- i?2`2
`2 |W | bQHmiBQMb Q7 1[X U8XjXjVX h?Bb b2i Q7 bQHmiBQMb Bb +HH2/ i?2 T2F b2i
Q7 i?2 `2~2+iBQM ;`QmT W X "2+mb2 FR(v,κ) Bb W @BMp`BMi- HH i?2 KBMBK
?p2 i?2 bK2 pHm2X
PM2 +M TT`QtBKi2 zβ 7Q` H`;2 pHm2b Q7 β b 7QHHQrbX
zβ =
∫
RN
2−βFR(v,κ) /v ≈ |W |2−βFR(s,κ)
∫
RN
2tT[−βrTH(s)r/2] /r, U8XjXNV
r?2`2 r = v − sX "2+mb2 i?2 >2bbBM Ki`Bt Bb TQbBiBp2 /2}MBi2 M/ bvK@
K2i`B+- HH Q7 Bib 2B;2MpHm2b i i?2 KBMBK `2 TQbBiBp2X h?2`27Q`2- QM2 +M
mb2 M Q`i?Q;QMH +QQ`/BMi2 i`Mb7Q`KiBQM iQ bQHp2 i?Bb :mbbBM BMi2;`HX
h?2 `2bmHi Bb
zβ ≈ |W |2−βFR(s,κ)
N∏
i=1
√
2pi
βλi
, U8XjXRyV
r?2`2 i?2 {λi}Ni=1 `2 i?2 2B;2MpHm2b Q7 H(s)X h?2M- i?2 bi2/v@bii2 /Bbi`B@
#miBQM Bb TT`QtBKi2/ b  bmK Q7 :mbbBMb b b?QrM #2HQr-
fR(v, β) ≈ β
N/2
√/2iH
(2pi)N/2|W |
∑
ρ∈W
2−β(v−ρs)TH(v−ρs)/2. U8XjXRRV
LQi2 i?i i?2 TT`QtBKi2 /Bbi`B#miBQM Bb MQ`KHBx2/X
6BMHHv- b β → ∞ 2+? Q7 i?2 :mbbBMb i2M/b iQ  /2Hi 7mM+iBQM BM
i?2 b2Mb2 Q7 /Bbi`B#miBQMbX h?2`27Q`2- i?2 bi2/v@bii2 /Bbi`B#miBQM i2M/b iQ
 bmK Q7 /2Hi 7mM+iBQMb +2Mi2`2/ i i?2 T2F b2i Q7 W X
AM Q`/2` iQ T`Qp2 h?KX 8XRXR- Bi Bb M2+2bb`v iQ iF2 BMiQ ++QmMi i?2 pHm2
Q7 i?2 BMi2;`H BM 1[X U8XRXkV 7Q` β → ∞X h?Bb pHm2 +M #2 2biBKi2/ #v
BMp2biB;iBM; i?2 p`BM+2 Q7 i?2 bi2/v@bii2 /Bbi`B#miBQM #27Q`2 iFBM; i?2
7`22xBM; HBKBiX 6`QK 1[X U8XjXRRV-
∫
RN
r2fR(r + s, β) /r ≈ 1|W |
√
β
2pi
N∑
j=1
√
λj
∫
R
r2j 2−βλjr
2
j /2 /rj
=
1
β|W |
N∑
j=1
λ−1j , U8XjXRkV
r?B+? K2Mb i?i i?2 ivTB+H /2pBiBQM 7`QK Mv Q7 i?2 2H2K2Mib Q7 i?2 T2F
b2i Q7 W Bb Q7 i?2 Q`/2` Q7 β−1/2X
e8
8X9 S`QQ7 Q7 h?2Q`2K 8XRXR
6B`bi- i?2 H`;2@β bvKTiQiB+b Q7 i?2 b+H2/ /Bbi`B#miBQM `2 +QMbB/2`2/X
6`QK G2KKb 8XkXe M/ 8XjXR- QM2 Kv r`Bi2 1[X U8XRXkV BM i?2 TT`QtBKi2/
7Q`K
f(t,
√
βtv)(βt)N/2 /v ≈ β
N/2
√/2iH
(2pi)N/2|W |
∑
ρ∈W
2−β(v−ρs)TH(v−ρs)/2
×
∫
RN
2−x2/2t 2tT
[√β
t
x⊥ · v⊥ +
x2‖v
2
‖
2(γ + εβ)t
]
µ(x) /x /v. U8X9XRV
A7 i?2 `QQi bvbi2K Bb Q7 7mHH `MF- i?2M x⊥ = v⊥ = 0- x‖ = x- v‖ = v- M/ i?2
BMi2;`H Qp2` x i2M/b iQ∫
RN
2tT
[
− x
2
2t
(
1− v
2
γ + εβ
)]
µ(x) /x β→∞−→ 1. U8X9XkV
h?2 `2bQM 7Q` i?Bb Bb i?i i?2 TT`QtBKiBM; :mbbBMb Q7 fR(v, β) ?p2 
p`BM+2 Q7 Q`/2` β−1- bQ v2 = γ + O(β−1)- b ;Bp2M #v 1[X U8XjXRkV- r?BH2
εβ ≈ xv/
√
β i H`;2 pHm2b Q7 x- r?B+? ;m`Mi22b i?2 +QMp2`;2M+2 Q7 i?2
BMi2;`HX
PM i?2 Qi?2` ?M/- B7 i?2 `QQi bvbi2K Bb MQi Q7 7mHH `MF- HH p2+iQ`b Q`i?Q;@
QMH iQ aTM(R) `2 2B;2Mp2+iQ`b Q7 H rBi? 2B;2MpHm2 QM2X *QMb2[m2MiHv-
(v‖ + v⊥ − ρs)TH(v‖ + v⊥ − ρs) = v2⊥ + (v‖ − ρs)TH(v‖ − ρs), U8X9XjV
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f(t,
√
βtv)(βt)N/2 /v ≈ β
dR/2
(2pi)dR/2|W |
dR∏
i=1
λ1/2i
∑
ρ∈W
2−β(v‖−ρs)TH(v‖−ρs)/2
× β
(N−dR)/2
(2pi)(N−dR)/2
∫
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2−β(v⊥−x⊥/
√
βt)2/2 2tT
[
− x
2
‖
2t
(
1− v
2
‖
γ + εβ
)]
µ(x) /x /v.
U8X9X9V
h?2 T`i Q7 i?2 BMi2;`H i?i /2T2M/b QM x‖ M/ v‖ #2?p2b HBF2 1[X U8X9XkVX
h?Bb K2Mb i?i i?2 QMHv T`i i?i M22/b iQ #2 +H+mHi2/ Bb i?2 T`i i?i
/2T2M/b QM x⊥ M/ v⊥X
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 i2bi 7mM+iBQM φ(v⊥) 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H
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(2pi)(N−dR)/2
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φ(v⊥)2−β(v⊥−x⊥/
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βt)2/2 /v⊥. U8X9X8V
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"v +?QQbBM; X - 1 bm+? i?i X/√β . 1- i?2 BMi2;`H #2+QK2b U7i2` b2iiBM;
y =
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√
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(2pi)(N−dR)/2
[ ∫
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φ[ 1√
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(y + x⊥/
√
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h?2 BMM2` `2;BQM BMi2;`H #2+QK2b φ(0) b β → ∞X h?2 Qmi2` `2;BQM BM@
i2;`H i2M/b iQ x2`Q BM i?2 7`22xBM; `2;BK2 b HQM; 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2tTQM2MiBHHv r?2M |y| Bb H`;2-∣∣∣ 1
(2pi)(N−dR)/2
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φ[ 1√
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√
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∣∣∣
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β
(y + x⊥/
√
t)]2−y2/4|
∫
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2−y2/4
(2pi)(N−dR)/2
/y
√
β0X→∞−→ 0. U8X9XdV
h?mb- BM i?2 b2Mb2 Q7 /Bbi`B#miBQMb-
β(N−dR)/2
(2pi)(N−dR)/2
2−β(v⊥−x⊥/
√
βt)2/2 β→∞−→ δ(N−dR)(v⊥). U8X9X3V
6BMHHv- QM2 Q#iBMb
f(t,
√
βtv)(βt)N/2 /v β→∞−→ 1|W |δ
(N−dR)(v⊥)
∑
ρ∈W
δ(dR)(v‖ − ρs) /v U8X9XNV
BM i?2 b2Mb2 Q7 /Bbi`B#miBQMbX "2+mb2 (ρs)‖ = (ρs) M/ (ρs)⊥ = 0- i?Bb +QK@
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Ti2` e
GBKBiBM; `2;BK2b 7Q` i?2
BMi2`+iBM; "`QrMBM KQiBQMb
M/ "2bb2H T`Q+2bb2b
E22TBM; BM HBM2 rBi? i?2 KBM KQiBpiBQM Q7 i?Bb rQ`F- Bi Bb Q7 BMi2`2bi
iQ BMp2biB;i2 i?2 `2bmHib /Bb+mbb2/ BM i?2 T`2pBQmb +?Ti2` BM i?2 +b2 Q7 i?2
`QQi bvbi2Kb Q7 ivT2 A M/ BX h?2 `/BH .mMFH T`Q+2bb2b BM i?2b2 irQ +b2b
+Q``2bTQM/ iQ i?2 .vbQM KQ/2H M/ iQ i?2 qBb?`i M/ G;m2``2 T`Q+2bb2b-
`2bT2+iBp2HvX
eXR aii2K2Mi Q7 `2bmHib M/ MmK2`B+H 2pB@
/2M+2
.2MQi2 #v hN = (hN,1, . . . , hN,N) i?2 p2+iQ` Q7 x2`Q2b UBM b+2M/BM; Q`/2`V
Q7 i?2 Ni? >2`KBi2 TQHvMQKBH HN(x) /2}M2/ #v Ub22- 2X;X- (3j)V
HN(x) = (−1)N2x2 /
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/xN (2
−x2). UeXRXRV
aBKBH`Hv- /2MQi2 #v l(α)N = (l(α)N,1, . . . , l(α)N,N) i?2 p2+iQ` Q7 x2`Q2b Q7 i?2 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`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b+2M/BM; Q`/2`X AM //BiBQM- `2+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FA(v) =
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∑
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N∑
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∑
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//BiBQM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N∑
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N∑
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6Q` i?2 7QHHQrBM; bii2K2Mib- Bi Bb bbmK2/ i?i i?2 T`Q+2bb2b bi`i 7`QK
i?2 `#Bi``v BMBiBH /Bbi`B#miBQMb µA(x) 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p2 }MBi2 b2+QM/
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S`QTQbBiBQM eXRXRX 6Q` H`;2 p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+iBM; "`QrMBM KQiBQMb
7QHHQr i?2 bi2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√
βtv)(βt)N/2 /v = N !
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2pi
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2−β[FA(v)−KA] /v, UeXRX3V
M/ BM i?2 7`22xBM; HBKBi β →∞-
fA(t,
√
βtv)(βt)N/2 /v β→∞−→ δ(N)(v − hN) /v. UeXRXNV
S`QTQbBiBQM eXRXkX 6Q` H`;2 pHm2b Q7 β- i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b
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/v@bii2 /Bbi`B#miBQM
fB(t,
√
βtv)(βt)N/2 /v = N !(2β)N/22−β[FB(v,ν)−KB ] /v, UeXRXRyV
eN
M/ BM i?2 7`22xBM; HBKBi β →∞-
fB(t,
√
βtv)(βt)N/2 /v β→∞−→ δ(N)(v − rν−1/2,N) /v, UeXRXRRV
rBi? (rν−1/2,N)2 = lν−1/2,N X AM //BiBQM- b ν →∞-
fB(t,
√
βνtv)(βνt)N/2 /v ν→∞−→
N∏
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δ(vi − 1) /v. UeXRXRkV
h?2b2 `2bmHib 7QHHQr 7`QK h?KbX 9XkXR M/ 8XRXR rBi? i?2 2t+2TiBQM Q7
i?2 HBKBi ν → ∞ 7Q` i?2 BMi2`+iBM; "2bb2H T`Q+2bb2bX h?`Qm;? MmK2`B+H
bBKmHiBQMb QM2 Kv }M/ 2pB/2M+2 iQ bmTTQ`i i?2b2 +HBKbX
LQi2 i?i i?2 HBKBi ν → ∞ 7Q` i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b +Q``2@
bTQM/b iQ i?2 T?vbB+H +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+ QT2`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eXRXR aBKmHiBQMb Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
6B`bi- +QMbB/2` i?2 BMi2`+iBM; "`QrMBM KQiBQMbX .2MQiBM; i?2 TQbBiBQMb
Q7 i?2 T`iB+H2b BM i?Bb bvbi2K #v {Xi,t}Ni=1- M/ /2MQiBM; #v {Bi,t}Ni=1  b2i Q7
N BM/2T2M/2Mi QM2@/BK2MbBQMH "`QrMBM KQiBQMb- i?2 a.1b 7Q` {Xi,t}Ni=1
`2 ;Bp2M #v
/Xi,t = /Bi,t + β
2
N∑
j=1
j $=i
/t
Xi,t −Xj,t UeXRXRjV
7Q` β > 0 (3N)X AM i?2 +b2 r?2`2 β = 0- i?2`2 `2 +QHHBbBQMb #2ir22M T`iB+H2b
M/ i?2`2 `2 HQ+H iBK2b bbQ+Bi2/ rBi? i?2K r?B+? `2 MQi BM+Hm/2/ BM
1[X UeXRXRjVX E22TBM; i?Bb BM KBM/- i?2 1mH2` K2i?Q/ +M #2 mb2/ iQ BMi2;`i2
i?2b2 a.1b M/ }M/ i?2 T`iB+H2 /2MbBiv UQ` QM2@TQBMi +Q``2HiBQM 7mM+iBQMVX
h?2 `2bmHib `2 b 7QHHQrbX
*QMbB/2` i?2 `2HtiBQM T`Q+2bb i?i H2/b iQ 1[X UeXRX3VX 6B;m`2 eXRXR
/2TB+ib i?2 T`iB+H2 /2MbBiB2b Q#iBM2/ #v BMi2;`iBM; i?2 a.1b UeXRXRjV 7Q`
 bvbi2K Q7 i?`22 T`iB+H2b bi`iBM; 7`QK i?2 TQbBiBQMb x¯µ = (0, 1, 2)T rBi?
 iBK2 bi2T Q7 2 × 10−4 M/ β = 2- i  `2bQHmiBQM Q7 10−2X >2`2- i?2 }MH
TQbBiBQMb r2`2 b+H2/ /QrM #v  7+iQ` Q7 √βt = √2tX PM2 +M Q#b2`p2 i?i
b i?2 iBK2 /m`iBQM t ;`Qrb- i?2 /2MbBiB2b +H+mHi2/ 7`QK i?2 bBKmHiBQM
/i i2M/ iQr`/ i?2 2t+i T`iB+H2 /2MbBiv
σ(A)N (y, t) =
2−y2/2t
2N(N − 1)!√2pit
[
H2N
( y√
2t
)
−HN+1
( y√
2t
)
HN−1
( y√
2t
)]
,
UeXRXR9V
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Scaled final positions
Density of an interacting Brownian motion of 3 particles, beta=2
Simulation, t=1
Simulation, t=10
Simulation, t=100
Exact
6B;m`2 eXRXR, aBKmHi2/ /2MbBiv Q7 i?`22 BMi2`+iBM; "`QrMBM KQiBQMb 7Q`
β = 2 i p`vBM; iBK2 /m`iBQMb t- rBi? }MH TQbBiBQMb b+H2/ /QrM #v 
7+iQ` Q7 √βt = √2tX h?2 #H+F bQHB/ HBM2 `2T`2b2Mib i?2 2t+i /2MbBiv r?2M
HH T`iB+H2b bi`i i i?2 Q`B;BMX
Q#iBM2/ 7`QK b2iiBM; x = y/√βt = y/√2t BM 1[X UeXkXRyV Q7 (j9) Ub22 HbQ (93-
TX jyej)- 7Qm`i? HBM2V M/ 7`QK mbBM; i?2 *?`BbiQz2H@.`#Qmt 7Q`KmH (3j)X
h?Bb /2MbBiv +Q``2bTQM/b iQ i?2 +b2 r?2`2 HH T`iB+H2b bi`i i i?2 Q`B;BMX
i t = 1- i?2 ;2M2`H b?T2 Q7 i?2 bBKmHi2/ /2MbBiv 7mM+iBQM Bb +HQb2 iQ i?2
2t+i +m`p2- #mi Bi Bb /BbTH+2/ #2+mb2 i?2 BMBiBH TQbBiBQM Q7 i?2 T`iB+H2b
biBHH ?b M 2z2+i QM i?2 bii2 Q7 i?2 bvbi2KX b i?2 iBK2 /m`iBQM ;`Qrb-
i?2 /2MbBiv 7mM+iBQM +QMp2`;2b bHQrHv iQ σ(A)N (y, t)c i t = 100- i?2 /2MbBiv
7mM+iBQM b?Qrb  ;QQ/ ;`22K2Mi rBi? i?2 2t+i +m`p2X
AM i?Bb +b2- 1[X U9XkXRyV Bb BMi2`T`2i2/ b 7QHHQrbX h?2 BMBiBH +QM/BiBQM
+QMbB/2`2/ ?2`2 ;Bp2b x¯µ = (0, 1, 2)T M/ sµ = 0X "2+mb2 A Bb  `QQi bvbi2K
Q7 `MF N − 1- QM2 ?b x¯µ‖ = (−1, 0, 1)T M/ x¯µ⊥ = (1, 1, 1)T X 6Q` i?Bb
bBimiBQM- 1[X U9XkXRyV `2[mB`2b i?2 +QM/BiBQM t - 10 iQ ;m`Mi22 i?i i?2
bvbi2K ?b `2+?2/ i?2 bi2/v bii2X
>Qr2p2`- Bi Bb M2+2bb`v iQ +QMbB/2` i?2 Q`/2` Q7 K;MBim/2 Q7 i?2 H`;2bi
+Q``2+iBQM- r?B+? Bb ;Bp2M #v 1[X U9X9XkdVX bbmKBM; i?2 rQ`bi@+b2 b+2M`BQ
r?2`2 t = 10- i?2 +QM/BiBQM 7Q` η BM 1[X U9XkXRRV `2/b η - √0.1 ≈ 0.32X
qBi? i?2b2 2biBKiBQMb- i?2 H2/BM;@Q`/2` +Q``2+iBQM ;Bp2M #v 1[X U9X9XkdV Bb
Q7 Q`/2` H`;2` i?M 0.7- r?B+? Bb +QKT`#H2 iQ RX h?Bb 2biBKiBQM Q7 i?2
H2/BM;@Q`/2` +Q``2+iBQM Bb [mBi2 H`;2- M/ r?BH2 i?2 +m`p2b 7Q` t = 10 M/
dR
7Q` i?2 2t+i bi2/v@bii2 BM 6B;X eXRXR b22K bQK2r?i +HQb2- i?2`2 Bb biBHH
 pBbB#H2 /Bz2`2M+2 #2ir22M i?2KX "v +QKT`BbQM- iFBM; t = 100 ;Bp2b 
#2bi@+b2 2biBKiBQM Q7 η = 0.1 M/ i?2 +Q``2+iBQM #2+QK2b Q7 Q`/2` H`;2`
i?M 7η/√10 ≈ 0.22-  Km+? bKHH2` +Q``2+iBQMX h?Bb K2Mb i?i 1[X U9XkXRyV
;Bp2b  p2`v `Qm;? 2biBKiBQM 7Q` i?2 `2HtiBQM iBK2- M/ i?i i?2 `2HtiBQM
iBK2 7Q`  ;Bp2M T`2+BbBQM Kv bm`Tbb i?2 pHm2 (s2µ + x¯2µ)Kt[1, β] ;`2iHvX
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Final positions/beta1/2
Interacting Brownian Motions with 7 Particles
beta=0.5
beta=2
beta=8
beta=32
beta=128
6B;m`2 eXRXk, .2MbBiv Q7 b2p2M BMi2`+iBM; "`QrMBM KQiBQMb 7Q` p`BQmb pH@
m2b Q7 β i t = 1- rBi? }MH TQbBiBQMb b+H2/ /QrM #v  7+iQ` Q7 √βt = √βX
h?2 p2`iB+H HBM2b `2T`2b2Mi i?2 x2`Q2b Q7 H7(x).
*QMbB/2` MQr i?2 7`22xBM; HBKBi β →∞ 7`QK 1[X UeXRXNVX 6B;m`2 eXRXk /2@
TB+ib i?2 T`iB+H2 /2MbBiv Q7  b2`B2b Q7 BMi2`+iBM; "`QrMBM KQiBQMb Q7 b2p2M
T`iB+H2b 7Q` p`BQmb pHm2b Q7 βX hQ Q#iBM i?2b2 +m`p2b- i?2 a.1b UeXRXRjV
r2`2 BMi2;`i2/  iQiH Q7 106 iBK2b 7Q` 2+? +m`p2- rBi?  bi2T bBx2 Q7 5×10−5
i  `2bQHmiBQM Q7 10−2 M/  }MH iBK2 Q7 t = 1c i?2 }MH TQbBiBQMb r2`2 b+H2/
/QrM #v  7+iQ` Q7 √βt = √βX AM Q`/2` iQ ;m`Mi22  7bi +QMp2`;2M+2 iQ
i?2 bi2/v bii2- i?2 BMBiBH TQbBiBQMb r2`2 +?Qb2M b 0,±10−2,±2×10−2 M/
±3 × 10−2X lM/2` i?2b2 +QM/BiBQMb- x¯µ⊥ = 0- x¯2µ = 2.8 × 10−3 M/ sµ = 0-
r?B+? K2Mb i?i i?2 BMi2`+iBM; "`QrMBM KQiBQMb b?QmH/ `2+? i?2 bi2/v
bii2 7Q` t - 2.8 × 10−3Kt[1, β]- r?B+? K2Mb i?i 7Q` β ≈ 300 Q` H2bb-
i?2 /Bbi`B#miBQM i t = 1 Kmbi +QBM+B/2 rBi? i?2 bi2/v@bii2 /Bbi`B#miBQMX
h?Bb bb2`iBQM Bb bmTTQ`i2/ #v i?2 bBKmHiBQMb T2`7Q`K2/- b i?2 +m`p2b BM
6B;X eXRXk T`2b2`p2 i?Bb b?T2 i t = 2 UMQi b?QrMVX
h?2b2 +m`p2b `2 +QMbBbi2Mi rBi? i?2 H`;2@β bvKTiQiB+b +QMbB/2`2/ BM
dk
(Ny) 7i2` KmHiBTHvBM; i?2 b+H2/ }MH TQbBiBQMb #v  7+iQ` Q7 1/√2N X h?Bb
7+i Bb 7m`i?2` 2pB/2M+2 BM/B+iBM; i?2 pHB/Biv Q7 i?2 +HBK BM 1[X UeXRX3VX
6m`i?2`KQ`2- Bi Bb +H2` i?i b β ;`Qrb- i?2 T2Fb BM i?2 /2MbBiv +m`p2b
#2+QK2 M``Qr2` M/ `2KBM +2Mi2`2/ iQ i?2 p2`iB+H HBM2b- r?B+? `2T`2b2Mi
i?2 HQ+iBQM Q7 i?2 x2`Q2b Q7 i?2 >2`KBi2 TQHvMQKBHH7(x)- h7X h?Bb bmTTQ`ib
i?2 +HBK BM 1[X UeXRXNVX
eXRXk aBKmHiBQMb Q7 i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b
aBKBH`Hv- QM2 Kv +QMbB/2` i?2 a.1b 7Q` i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b-
/2MQi2/ ?2`2 #v {Yi,t}Ni=1- 7Q` β ≥ 1-
/Yi,t = /Bi,t + β
2
[2ν + 1
2
1
Yi,t
+
N∑
j=1
j $=i
( 1
Yi,t − Yj,t +
1
Yi,t + Yj,t
)]
/t. UeXRXR8V
LQi2 i?i i?2 irQ i2`Kb BM i?2 bmK `2T`2b2Mi  `2TmHbBp2 BMi2`+iBQM #2ir22M
T`iB+H2b M/ i?2B` ǳKB``Q` BK;2bǴ rBi? `2bT2+i iQ i?2 Q`B;BM- M/ i?i B7 i?2
T`iB+H2@T`iB+H2 BMi2`+iBQM i2`Kb r2`2 #b2Mi- i?2b2 a.1b rQmH/ `2/m+2 iQ
N BM/2T2M/2Mi "2bb2H T`Q+2bb2b (NR)X LQi2 HbQ i?i i?2 T`Q+2bb2b {Y 2i,t}Ni=1
Q#2v i?2 a.1b i?i /2}M2 i?2 BMi2`+iBM; b[m`2/ "2bb2H T`Q+2bb2b r?B+?
`2bmHi b i?2 2B;2MpHm2 T`Q+2bb2b Q7 i?2 qBb?`i M/ G;m2``2 T`Q+2bb2bX
h?2`27Q`2- i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b `2- 7Q` i?2 Tm`TQb2b Q7 i?Bb rQ`F-
2[mBpH2Mi iQ i?2 BMi2`+iBM; b[m`2/ "2bb2H T`Q+2bb2bX
b rBi? i?2 BMi2`+iBM; "`QrMBM KQiBQMb- H2i mb +QMbB/2` i?2 `2Ht@
iBQM Q7 i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b iQ i?2B` bi2/v bii2X hQ BMp2biB;i2
i?Bb `2;BK2- i?2 a.1b UeXRXR8V r2`2 BMi2;`i2/ MmK2`B+HHv mbBM; i?2 1mH2`
K2i?Q/X h?2 iBK2 2pQHmiBQM Q7  bvbi2K Q7 i?`22 T`iB+H2b bi`iBM; i i?2
TQbBiBQMb x¯µ = (1, 2, 3)T rb bBKmHi2/  iQiH MmK#2` Q7 106 iBK2b- rBi?
β = 2-  iBK2 bi2T Q7 2 × 10−4 M/ p`BQmb }MH iBK2bc i?2 }MH TQbBiBQMb
r2`2 b+H2/ /QrM #v  7+iQ` Q7 √βt = √2tX h?2 `2bmHiBM; T`iB+H2 /2MbBiv
7mM+iBQMb UrBi?  `2bQHmiBQM Q7 10−2V `2 /2TB+i2/ BM 6B;X eXRXjX AM i?2 };m`2-
i?2 bQHB/ #H+F HBM2 `2T`2b2Mib i?2 2t+i T`iB+H2 /2MbBiv BM i?2 +b2 r?2`2 HH
T`iB+H2b bi`i i i?2 Q`B;BMX h?2 +m`p2 +Q``2bTQM/b iQ i?2 7mM+iBQM
σ(B)N (y, t) =
N !
Γ(ν +N)
{
N
[
L(ν)N
(y2
2t
)]2
+ L(ν)N
(y2
2t
)
L(ν)N−1
(y2
2t
)
− (N + 1)L(ν)N+1
(y2
2t
)
L(ν)N−1
(y2
2t
)}2
y
(y2
2t
)ν
2−y2/2t, UeXRXReV
r?B+? Bb Q#iBM2/ 7`QK 1[X UjRV Q7 (93) M/ 1[X U8XRjV Q7 (8j) TTHB2/ iQ i?2
G;m2``2 +b2- r?BH2 KFBM; i?2 bm#biBimiBQM x = y2/(βt) = y2/(2t)X
dj
b BM 6B;X eXRXR- i?2 /2MbBiv +m`p2b Q#iBM2/ 7`QK i?2 bBKmHiBQM /i
+QMp2`;2 iQ i?2 2t+i /2MbBiv b i?2 iBK2 /m`iBQM Q7 i?2 T`Q+2bb ;`Qrb- #mi
i?2v /Q bQ 7bi2` i?M i?2 BMi2`+iBM; "`QrMBM KQiBQMbX AM/22/- i t = 1
i?2 2z2+i Q7 i?2 BMBiBH TQbBiBQMb Q7 i?2 T`iB+H2b Bb pBbB#H2- #mi i t = 14 i?2
`2bmHiBM; +m`p2 Bb H`2/v p2`v +HQb2 iQ i?2 2t+i /2MbBivX h?Bb Bb BM bTBi2
Q7 i?2 7+i i?i 1[X U9XkXRyV `2[mB`2b t - β(x¯2µ + s2µ) = 28X h?2 H2/BM;@
Q`/2` +Q``2+iBQM 7`QK 1[X U9X9XkdV 7Q` i?Bb bvbi2K M/ i?2 BMBiBH +QM/BiBQM
+QMbB/2`2/ Bb Q7 Q`/2` 2η/√7- M/ #2+mb2 η - t−1/2 = (14)−1/2 ≈ 0.27- i?Bb
+Q``2+iBQM Bb Q7 Q`/2` H`;2` i?M 0.2X LQi2 i?i t = 100 rb M22/2/ BM i?2
+b2 Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb BM 6B;X eXRXR iQ Q#iBM  bBKBH`
+Q``2+iBQMX h?2`27Q`2- Bi b22Kb +H2` i?i i?2 #QmM/ BM 1[X U9XkXRyV Kv MQi
rQ`F p2`v r2HH iQ 2biBKi2 i?2 iBK2 M22/2/ iQ `2+? i?2 bi2/v bii2 BM bQK2
+b2bX AM T`+iB+2-  T`QT2` 2biBKiBQM Q7 i?2 `2HtiBQM iBK2 Kmbi /2T2M/ QM
i?2 +?`+i2`BbiB+b Q7 i?2 BMBiBH /Bbi`B#miBQM M/ QM i?2 T`QT2`iB2b Q7 i?2 `QQi
bvbi2K- #2+mb2 Q7 i?2 7Q`K Q7 i?2 H2/BM;@Q`/2` +Q``2+iBQM 7`QK 1[X U9X9XkdVX
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Scaled final positions
Density of an interacting Bessel process of 3 particles, beta=2, nu+1/2=1
Simulation, t=1
Simulation, t=14
Exact
6B;m`2 eXRXj, .2MbBiv Q7 i?`22 BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` t = 1 M/ R9 i
β = 2 M/ ν = 1/2- rBi? }MH TQbBiBQMb b+H2/ /QrM #v  7+iQ` √βt = √2tX
h?2 bQHB/ #H+F HBM2 /2TB+ib i?2 2t+i /2MbBiv r?2M HH T`iB+H2b bi`i i i?2
Q`B;BMX
L2ti- i?2 7`22xBM; HBKBi r?2`2 β → ∞ Bb +QMbB/2`2/X b BM 6B;X eXRXk-
i?2 BMBiBH +QM};m`iBQM Q7 i?2 bvbi2K Bb +?Qb2M bQ i?i i?2 `2HtiBQM iBK2 Bb
b?Q`iX AM i?Bb +b2- i?2 BMBiBH +QM};m`iBQM Bb x¯µ = (1, 2, 3, 4, 5, 6, 7)T ×10−2-
M/ i?2 a.1b UeXRXR8V r2`2 BMi2;`i2/ mT iQ t = 1 rBi?  bi2T bBx2 Q7 2×10−4
d9
M/ ν = 1/2  iQiH Q7 106 iBK2b- T`Q/m+BM;  THQi rBi?  `2bQHmiBQM Q7
10−2X >2`2- i?2 }MH TQbBiBQMb r2`2 b+H2/ /QrM #v  7+iQ` Q7 √βt = √βX
h?2 `2bmHi Bb ;Bp2M BM 6B;X eXRX9X 6`QK 1[X U9XkXRyV- Bi 7QHHQrb i?i i?2
bvbi2K `2Ht2b iQ i?2 bi2/v bii2 i t = β(x¯2µ + s2µ) = 2.8 × 10−2 . 1
7Q` i?Bb T`iB+mH` BMBiBH +QM};m`iBQMX h?2`27Q`2- i?2 +m`p2b /2TB+i2/ BM i?2
};m`2 `2T`2b2Mi i?2 bi2/v@bii2 T`iB+H2 /2MbBiv- M/ i?2v `2 +QMbBbi2Mi rBi?
i?2 2B;2MpHm2 /2MbBiv Q7 i?2 β@G;m2``2 2Mb2K#H2b Q7 `M/QK Ki`B+2b (Ny)-
7i2` i?2 p`B#H2 bm#biBimiBQM yi =
√
λit M/ i?2 T`K2i2` i`Mb7Q`KiBQM
a = β(N + ν − 1/2 + 1/β)/2X Jm+? HBF2 BM 6B;X eXRXk- QM2 +M Q#b2`p2 i?i
b β ;`Qrb- i?2 T2Fb #2+QK2 M``Qr2` r?BH2 bivBM; +2Mi2`2/ `QmM/ i?2
p2`iB+H HBM2b- r?B+? `2T`2b2Mi i?2 b[m`2 `QQi Q7 i?2 x2`Q2b Q7 i?2 G;m2``2
TQHvMQKBH L(0)7 (x)- l0,7X h?Bb 2pB/2M+2 Bb +H2`Hv BM 7pQ` Q7 i?2 +HBK BM
1[X UeXRXRRVX
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Final positions/beta1/2
Interacting Bessel Process with 7 Particles
beta=0.5
beta=2
beta=8
beta=32
beta=128
6B;m`2 eXRX9, .2MbBiv Q7 b2p2M BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` p`BQmb pHm2b
Q7 β i t = 1 M/ ν = 1/2- rBi? }MH TQbBiBQMb b+H2/ /QrM #v  7+iQ` Q7√
βt =
√
βX h?2 p2`iB+H HBM2b `2T`2b2Mi i?2 x2`Q2b Q7 L(0)7 (x).
AM i?2 bK2 rv- QM2 +M BMp2biB;i2 i?2 HBKBi ν →∞ Q7 i?2 BMi2`+iBM;
"2bb2H T`Q+2bb2bX b #27Q`2- BMi2;`iBM; i?2 a.1b UeXRXR8V  iQiH Q7 106 iBK2b-
mT iQ  iBK2 t = 1/2 rBi? β = 2 M/ BMBiBH +QM};m`iBQM x¯µ,i = i×10−2- rBi?
iBK2 BM+`2K2Mib Q7 2× 10−4- 6B;X eXRX8 +M #2 T`Q/m+2/X h?2 }MH TQbBiBQMb
r2`2 b+H2/ /QrM #v  7+iQ` Q7 √βνt = √νX h?Bb iBK2- Bi Bb +H2` i?i b ν
;`Qrb- HH T`iB+H2b i2M/ iQ ;`QmT mT i i?2 bK2 b+H2/ TQbBiBQMX h?Bb Bb 
+QMb2[m2M+2 Q7 i?2 7+i i?i i?2 BMi2`+iBQM #2ir22M T`iB+H2b Ui?2 irQ i2`Kb
d8
BM i?2 bmK BM 1[X UeXRXR8VV Bb `2M/2`2/ M2;HB;B#H2 /m2 iQ i?2 H`;2 pHm2 Q7 ν-
M/ i?2 QMHv T`i i?i `2KBMb Bb  b2i Q7 BM/2T2M/2Mi "2bb2H T`Q+2bb2b rBi?
 H`;2 "2bb2H BM/2tX
 0
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ity
Scaled final positions
Interacting Bessel Process with 7 Particles
nu=16
nu=64
nu=256
nu=1024
nu=4096
6B;m`2 eXRX8, .2MbBiv Q7 b2p2M BMi2`+iBM; "2bb2H T`Q+2bb2b 7Q` p`BQmb pHm2b
Q7 ν i t = 1/2 M/ β = 2- rBi? }MH TQbBiBQMb b+H2/ /QrM #v  7+iQ` Q7√
βνt =
√
νX
qBi? i?2 `2bmHi Q7 i?2b2 bBKmHiBQMb- i?2 +HBKb 7`QK S`QTbX eXRXR M/ eXRXk
`2 BHHmbi`i2/ M/ bmTTQ`i2/X M Hi2`MiBp2 /2`BpiBQM Q7 i?2b2 T`QTQbBiBQMb
rBHH #2 i+FH2/ BM i?2 `2bi Q7 i?Bb +?Ti2`X
eXk h?2 BMi2`irBMBM; QT2`iQ` 7Q` bvKK2i`B+
TQHvMQKBHb
b bii2/ BM *?Ti2` 9- i?2 BMi2`irBMBM; QT2`iQ` THvb M BKTQ`iMi
`QH2 BM i?2 `2HtiBQM T`Q+2bb i?i H2/b iQ i?2 bi2/v@bii2 /Bbi`B#miBQMb Q7
i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b- b r2HH b BM i?2B`
#2?pBQ` BM i?2 7`22xBM; `2;BK2X >2`2- i?2 2tT`2bbBQMb 7Q` i?2 BMi2`irBMBM;
QT2`iQ`b Q7 ivT2 A M/ B 7Q` i?2 +b2 r?2`2 i?2v `2 TTHB2/ QM bvKK2i`B+
TQHvMQKBHb `2 /2`Bp2/X AM //BiBQM- bBKTH2 2tKTH2b Q7 i?2B` 2z2+i QM
bvKK2i`B+ TQHvMQKBHb `2 bim/B2/- M/ i?2B` 7Q`K BM i?2 7`22xBM; HBKBi β →
∞ Bb +H+mHi2/X 6BMHHv- i?2 7Q`Kb Q7 i?2 ;2M2`HBx2/ "2bb2H 7mM+iBQMb Q7
de
ivT2 A M/ B `2 +H+mHi2/ M/ b?QrM iQ #2 +QMbBbi2Mi rBi? i?2 `2bmHib
7`QK *?Ti2` 8X
eXkXR .2`BpiBQM
lbBM; i?2 7+i i?i i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b
`2 2[mBpH2Mi iQ i?2 `/BH .mMFH T`Q+2bb2b Q7 ivT2 A M/ B- QM2 Kv 2[mi2
i?2B` `2bT2+iBp2 i`MbBiBQM /2MbBiB2b iQ /2/m+2 i?i (ey- ej- e8)∑
ρ∈SN
VA2ρx·y = N !0F (2/β)0 (x,y) , UeXkXRV
∑
ρ∈WB
VB2ρx·y = 2NN !0F (2/β)1
(
β
2
(ν +N − 1/2) + 1
2
;
(x)2
2
,
(y)2
2
)
.
UeXkXkV
>2`2- i?2 bvK#QH (x)2 /2MQi2b i?2 p2+iQ` (x21, . . . , x2N)T - M/ i?2 7mM+iBQMb
0F (α)0 (x,y) M/ 0F (α)1 (b;x,y) `2 i?2 ;2M2`HBx2/ ?vT2`;2QK2i`B+ 7mM+iBQMb-
r?B+? `2 /2}M2/ BM i2`Kb Q7 b2p2`H [mMiBiB2bX
*QMbB/2` i?2 BMi2;2` T`iBiBQMb- λ- τ M/ µ- M/ i?2 `2H T`K2i2` α > 0c
HbQ- /2MQi2 #v |λ| M/ l(λ) i?2 iQiH bmK M/ i?2 H2M;i? Q7 i?2 T`iBiBQM λ-
`2bT2+iBp2HvX h?2 KQMQKBH bvKK2i`B+ 7mM+iBQMb `2 ;Bp2M #v
mτ (x) =
∑
σ
N∏
j=1
x
τσ(j)
j , UeXkXjV
r?2`2 i?2 bmK Bb iF2M Qp2` HH T2`KmiiBQMb σ bm+? i?i 2+? KQMQKBH∏N
j=1 x
τσ(j)
j Bb /BbiBM+iX
h?2 C+F TQHvMQKBHb (Nk- TX jdN) `2 /2MQi2/ #v
P (α)λ (x) =
∑
µ:|µ|=|λ|
l(µ)≤N
uλµ(α)mµ(x), UeXkX9V
r?2`2 uλµ(α) Bb  i`BM;mH` Ki`Bt- BM i?2 b2Mb2 i?i uλµ(α) Bb MQMx2`Q QMHv
r?2M µ ≤ λ BM i?2 b2Mb2 Q7 i?2 T`iBH Q`/2`BM; Q7 T`iBiBQMb /2}M2/ BM (Nk-
TX d)X AM T`iB+mH`- uµµ(α) = 1 7Q` HH α > 0X Ai Bb FMQrM i?i i?2 C+F
7mM+iBQMb `2 T`i Q7 i?2 2B;2M7mM+iBQMb Q7 i?2 T2`BQ/B+ ivT2@A *HQ;2`Q@
JQb2`@ami?2`HM/ KQ/2H (Nj)X h?2v `2 HbQ mb2/ iQ +H+mHi2 i?2 bvKK2i`B+
2B;2M7mM+iBQMb Q7 i?2 ivT2@A *HQ;2`Q@JQb2` bvbi2KX h?2 C+F 7mM+iBQM Q7
T`K2i2` α > 0- P (α)τ (x)- Bb /2}M2/ b i?2 TQHvMQKBH 2B;2M7mM+iBQM Q7 i?2
dd
QT2`iQ` (N9)(
N∑
i=1
x2i
∂2
∂x2i
+
2
α
∑
1≤i $=j≤N
x2i
xi − xj
∂
∂xi
)
P (α)τ (x) = Eτ,αP (α)τ (x) UeXkX8V
rBi? 2B;2MpHm2
Eτ,α =
N∑
j=1
τj[τj − 1− 2(j − 1)/α] + |τ |(N − 1). UeXkXeV
6Q` M BMi2;2` 0 ≤ n ≤ N - i?2 2H2K2Mi`v bvKK2i`B+ TQHvMQKBH en(x)
Bb ;Bp2M #v
en(x) =
∑
1≤i1<···<in≤N
n∏
j=1
xij . UeXkXdV
6Q` 2tKTH2- e0(x) = 1- e1(x) =
∑N
i=1 xi- e2(x) =
∑
1≤i<j≤N xixj M/
eN(x) =
∏N
i=1 xiX q?2M i?2 bm#b+`BTi Q7 e Bb  T`iBiBQM- Bi Bb ;Bp2M #v
eτ (x) =
l(τ)∏
i=1
eτi(x). UeXkX3V
h?2 a+?m` TQHvMQKBH sτ (x) Bb ;Bp2M #v i?2 C+Q#B@h`m/B 7Q`KmH (N8- Nk)
sτ (x) =
/2i1≤i,j≤N [xτi+N−ij ]
/2i1≤i,j≤N [xN−ij ]
. UeXkXNV
.2T2M/BM; QM i?2 pHm2 Q7 i?2 T`K2i2` α, i?2 C+F TQHvMQKBHb #2+QK2
i?2 a+?m`- KQMQKBH M/ 2H2K2Mi`v bvKK2i`B+ TQHvMQKBHb b bmKK`Bx2/
BM h#H2 eXRX
S`K2i2` 6mM+iBQM Ji`Bt 6mM+iBQM MK2
α P (α)τ (x) uτλ(α) C+F
y eτ ′(x) aτλ 1H2K2Mi`v bvKK2i`B+
R sτ (x) Kτλ a+?m`
∞ mτ (x) δτλ JQMQKBH bvKK2i`B+
h#H2 eXR, aQK2 bT2+BH +b2b Q7 i?2 C+F TQHvMQKBHbX h?2 Ki`B+2b BM i?2
i?B`/ +QHmKM `2Hi2 i?2 TQHvMQKBHb Q7 i?2 b2+QM/ +QHmKM rBi? i?2 KQMQKBH
bvKK2i`B+ TQHvMQKBHb b BM 1[X UeXkX9VX
d3
A7 τ Bb M BMi2;2` T`iBiBQM- i?2M i?2 2tT`2bbBQM (i, j) ∈ τ BKTHB2b i?i
1 ≤ i ≤ l(τ) M/ 1 ≤ j ≤ τiX h?2 7mM+iBQMb cτ (α), c′τ (α) `2 ;Bp2M #v
cτ (α) =
∏
(i,j)∈τ
(α(τi − j) + τ ′j − i+ 1), UeXkXRyV
c′τ (α) =
∏
(i,j)∈τ
(α(τi − j + 1) + τ ′j − i), UeXkXRRV
M/ i?2 ;2M2`HBx2/ SQ+??KK2` bvK#QH (b)(α)τ UrBi? b > 0V Bb /2}M2/ #v
(b)(α)τ =
l(τ)∏
i=1
Γ(b− (i− 1)/α + τi)
Γ(b− (i− 1)/α) . UeXkXRkV
qBi? i?Bb- QM2 +M r`Bi2 i?2 ;2M2`HBx2/ ?vT2`;2QK2i`B+ 7mM+iBQMb b 7QHHQrbX
0F (α)1 (b;x,y) =
∞∑
n=0
∑
τ :l(τ)≤N
|τ |=n
cτ (α)
c′τ (α)
P (α)τ (x)P (α)τ (y)
(b)(α)τ (N/α)
(α)
τ
, UeXkXRjV
0F (α)0 (x,y) =
∞∑
n=0
∑
τ :l(τ)≤N
|τ |=n
cτ (α)
c′τ (α)
P (α)τ (x)P (α)τ (y)
(N/α)(α)τ
. UeXkXR9V
h?2 7Q`K Q7 i?2 BMi2`irBMBM; QT2`iQ` Bb ;Bp2M BM i2`Kb Q7 i?2 [mMiBiB2b
/2}M2/ #Qp2 b 7QHHQrb,
S`QTQbBiBQM eXkXRX h?2 BMi2`irBMBM; QT2`iQ`b VA M/ VB ?p2 i?2 7QHHQrBM;
2tTHB+Bi 7Q`Kb r?2M i?2v +i QM bvKK2i`B+ TQHvMQKBHb,
VAmλ(x) = λ!M(λ, N)
∑
τ :l(τ)≤N
|τ |=|λ|
cτ (2/β)
c′τ (2/β)
uτλ(2/β)
(βN/2)(2/β)τ
P (2/β)τ (x),UeXkXR8V
VBmλ[(x)
2] =
(2λ)!M(λ, N)
22|λ|
∑
τ :l(τ)≤N
|τ |=|λ|
cτ (2/β)
c′τ (2/β)
× uτλ(2/β)P
(2/β)
τ [(x)2]
(βN/2)(2/β)τ (β[ν +N − 1/2]/2 + 1/2)(2/β)τ
. UeXkXReV
S`QQ7X 1tTM/BM; #Qi? bB/2b Q7 1[bX UeXkXRV M/ UeXkXkV BM i2`Kb Q7 bvKK2i@
`B+ TQHvMQKBHb- M/ mbBM; i?2 Q`i?Q;QMHBiv `2HiBQMb Q#2v2/ #v i?2 C+F
dN
TQHvMQKBHb (Nk- TX jdN) QM2 Kv 2ti`+i M 2tTHB+Bi 7Q`K 7Q` #Qi? VA M/
VBX
*QMbB/2` VA }`biX lbBM; i?2 MQiiBQM µ! =
∏l(µ)
j=1 µj!- i?2 2tTMbBQM Q7 i?2
HX?XbX Q7 1[X UeXkXRV `2/b∑
ρ∈SN
2ρx·y =
∑
ρ∈SN
∞∑
n=0
∑
µ:l(µ)≤N
|µ|=n
1
µ!
∑
τ∈SN :
τ(µ) /BbiBM+i
N∏
j=1
(xρ(j)yj)
µτ(j)
=
∑
µ:l(µ)≤N
1
µ!
∑
τ∈SN :
τ(µ) /BbiBM+i
{∑
ρ∈SN
N∏
j=1
x
µτ(j)
ρ(j)
}
N∏
j=1
y
µτ(j)
j
=
∑
µ:l(µ)≤N
1
µ!
{∑
ρ′∈SN
N∏
j′=1
x
µρ′(j′)
j′
} ∑
τ∈SN :
τ(µ) /BbiBM+i
N∏
j=1
y
µτ(j)
j .UeXkXRdV
h?2 Hbi HBM2 `2bmHib 7`QK i?2 bm#biBimiBQMb j′ = ρ(j) M/ ρ′(j′) = τ [ρ−1(j′)]X
h?2 Hbi i2`K QM i?2 `B;?i Bb- #v /2}MBiBQM-mµ(y)X h?2 i2`K BMbB/2 i?2 #`+2b
Bb 2[mH iQ mµ(x) KmHiBTHB2/ #v i?2 MmK#2` Q7 MQM@/BbiBM+i T2`KmiiBQMb Q7
µX
G2i lµj `2T`2b2Mi i?2 KmHiBTHB+Biv Q7 i?2 ji? U/BbiBM+iV T`i Q7 µ- r?2`2
i?2 bm#b+`BTi P BM lµP `272`b iQ i?2 MmK#2` Q7 /BbiBM+i T`ib Q7 µX AM i?2
+b2b r?2`2 l(µ) < N - i?2`2 `2 N − l(µ) x2`Q T`ib BM µ M/ i?2`27Q`2
lµP = N − l(µ) ++QmMib 7Q` i?2 KmHiBTHB+Biv Q7 x2`Q T`ib BM i?2 }`bi N T`ib
Q7 µX 6Q` 2tKTH2- B7 N = 6 M/ µ = (5, 3, 2, 2) = (5, 3, 2, 2, 0, 0)- i?2M P = 4
M/ lµ1 = 1- lµ2 = 1- lµ3 = 2 M/ lµ4 = 2X lbBM; i?Bb MQiiBQM QM2 Kv /2}M2
i?2 7QHHQrBM; KmHiBMQKBH +Q2{+B2Mi,
M(µ,N) =
N !
lµ1 ! · · · lµP !
. UeXkXR3V
h?Bb 7mM+iBQM `2T`2b2Mib i?2 MmK#2` Q7 /BbiBM+i T2`KmiiBQMb Q7 µ r?2M Bi Bb
+QMbB/2`2/ b M N @/BK2MbBQMH p2+iQ`X
lbBM; UeXkXR3V- i?2 HX?XbX Q7 1[X UeXkXRV #2+QK2b∑
ρ∈SN
VA2ρx·y =
∑
µ:l(µ)≤N
N !mµ(y)
µ!M(µ,N)
VAmµ(x). UeXkXRNV
h?2 M2ti bi2T Bb iQ 2HBKBMi2 i?2 p`B#H2 y mbBM; i?2 Q`i?Q;QMHBiv Q7
C+F TQHvMQKBHbX AMb2`iBQM Q7 i?2 BMp2`b2 Q7 UeXkX9V BM UeXkXRNV 7i2` TTHvBM;
VA vB2H/b∑
ρ∈SN
VA2ρx·y =
∑
µ:l(µ)≤N
N ![VAmµ(x)]
µ!M(µ,N)
∑
ν:ν≤µ
|ν|=|µ|
(u−1)µν(2/β)P (2/β)ν (y). UeXkXkyV
3y
1[miBM; 1[X UeXkXkyV M/ i?2 `X?XbX Q7 1[X UeXkXRV ;Bp2b∑
µ:l(µ)≤N
[VAmµ(x)]
µ!M(µ,N)
∑
ν:ν≤µ
|ν|=|µ|
(u−1)µν(2/β)P (2/β)ν (y)
=
∑
τ :l(τ)≤N
cτ (2/β)
c′τ (2/β)
P (2/β)τ (x)P(2/β)τ (y)
(βN/2)(2/β)τ
.UeXkXkRV
6`QK i?2 Q`i?Q;QMHBiv Q7 C+F 7mM+iBQMb (Nk) M/ i?2 HBM2`Biv Q7 VA- r?B+?
+ib QMHv QM x- r2 +M 2[mi2 i?2 +Q2{+B2Mib Q7 i?2 bK2 C+F 7mM+iBQMb Q7
y iQ Q#iBM
∑
µ:l(µ)≤N
|µ|=|τ |
(u−1)µτ (2/β)
µ!M(µ,N)
VAmµ(x) =
cτ (2/β)
c′τ (2/β)
P (2/β)τ (x)
(βN/2)(2/β)τ
. UeXkXkkV
h?Bb `2HiBQM Bb bQHp2/ 7Q` VAmλ(x) B7 r2 TTHv i?2 bmK
∑
τ uτλ(2/β) QM #Qi?
bB/2bX h?2 `2bmHi Bb 1[X UeXkXR8VX
aBKBH`Hv- M 2tT`2bbBQM 7Q` VB Kv #2 2ti`+i2/ 7`QK 1[X UeXkXkVX h?2
}`bi bi2T Bb iQ 2tTM/ ∑ρ∈WB 2tT(x · ρy) BM i2`Kb Q7 bvKK2i`B+ TQHvMQ@KBHbX HH i?2 2H2K2Mib Q7 WB +M #2 r`Bii2M b +QKTQbBiBQMb Q7 p`B#H2
T2`KmiiBQMb M/ bB;M +?M;2bX h?2`27Q`2-
∑
ρ∈WB
2x·ρy =
∑
ρ∈SN
∑
µ:l(µ)≤N
1
µ!
∑
τ∈SN :
τ(µ) /BbiBM+i
N∏
j=1
∑
sj=±1
s
µτ(j)
j (yρ(j)xj)
µτ(j) . UeXkXkjV
h?2 T`Q/m+i Qp2` j pMBb?2b r?2M i H2bi QM2 Q7 i?2 T`ib Q7 µ Bb Q//- bQ Bi
bm{+2b iQ +QMbB/2` T`iBiBQMb rBi? 2p2M T`ibX h?2M-
∑
ρ∈WB
2x·ρy =
∑
µ:l(µ)≤N
2N
(2µ)!
∑
τ∈SN :
τ(µ) /BbiBM+i
{∑
ρ∈SN
N∏
j=1
(yρ(j))
2µτ(j)
}
N∏
j=1
x
2µτ(j)
j
=
∑
µ:l(µ)≤N
2NN !
(2µ)!
mµ[(x)2]mµ[(y)2]
M(µ,N)
. UeXkXk9V
TTHvBM; VB QM i?Bb `2bmHi M/ BMb2`iBM; BMiQ UeXkXkV vB2H/b
VB
∑
µ:l(µ)≤N
mµ[(x)2]mµ[(y)2]
(2µ)!M(µ,N)
= 0F (2/β)1
(
β
2
(ν +N − 1/2) + 1
2
;
(x)2
2
,
(y)2
2
)
.
UeXkXk8V
3R
6`QK UeXkXRjV M/ i?2 7+i i?i i?2 C+F TQHvMQKBH P(α)τ (x) Bb ?QKQ;2M2Qmb
Q7 /2;`22 |τ |- QM2 Q#iBMb
VB
∑
µ:l(µ)≤N
mµ[(x)2]mµ[(y)2]
(2µ)!M(µ,N)
=
∑
τ :l(τ)≤N
cτ (2/β)
c′τ (2/β)
× P
(2/β)
τ [(x)2]P(2/β)τ [(y)2]
22|τ |(β[ν +N − 1/2]/2 + 1/2)(2/β)τ (Nβ/2)(2/β)τ
. UeXkXkeV
L2ti- mbBM; i?2 BMp2`b2 Q7 i?2 2tTMbBQM Q7 C+F TQHvMQKBHb BMiQ KQMQ@
KBH bvKK2i`B+ TQHvMQKBHb- 1[X UeXkX9V- QM i?2 HX?XbX M/ 2[miBM; i?2 +Q27@
}+B2Mib Q7 P (2/β)τ [(y)2] ;Bp2b∑
µ:l(µ)≤N
|µ|=|τ |
VBmµ[(x)2]
(2µ)!M(µ,N)
(u−1)µτ (2/β)
=
cτ (2/β)
c′τ (2/β)
P (2/β)τ [(x)2/4]
(β2 [ν +N − 1/2] + 12)(2/β)τ (N β2 )(2/β)τ
. UeXkXkdV
JmHiBTHvBM; #v ∑τ uτλ(2/β) QM #Qi? bB/2b vB2H/b- }MHHv- 1[X UeXkXReVX
1[miBQMb UeXkXR8V M/ UeXkXReV +M #2 mb2/ iQ Q#iBM  +H2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b2- QM2 +M +QMbB/2` i?2 +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∑
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∑
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iQ`b bi`2i+? i?2 bm`7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∑3
i=1 x
4
i = 1 rBi?
ν = 1/2X
WB Bb Q7 7mHH `MF- 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3j
eXkXk AMi2`irBMBM; QT2`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iBQ U`2+HH i?i |λ| = |τ |V-
HBK
ν→∞
(β[ν +N − 1/2] + 1)(2/β)τ
(2ν)|τ |
=
HBK
ν→∞
∏
(i,j)∈τ
β(ν + 1/2 +N − i) + 2j − 1
2ν
=
(β
2
)|τ |
. UeXkX9yV
h?Bb vB2H/b
HBK
ν→∞
VBν
|λ|mλ[(x)2] =
(2λ)!M(λ, N)
∑
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M/2/ BM i2`Kb Q7 bvKK2i`B+ TQHv@
MQKBHbX h?2M- i?2 +Q``2bTQM/BM; BMi2`irBMBM; QT2`iQ` Bb TTHB2/ M/ i?2
T`K2i2` HBKBi Bb iF2M mbBM; S`QTQbBiBQM eXkXkX 6BMHHv- i?2 `2bmHiBM; bmKb
`2 `2bb2K#H2/ BMiQ 2tTQM2MiBH 7mM+iBQMbX
h?2 7`22xBM; HBKBi β →∞ Q7 1[X UeXkXRV Bb b 7QHHQrbX
HBK
β→∞
∑
ρ∈SN
VA2ρx·y =
∑
µ:l(µ)≤N
N !mµ(y)
µ!M(µ,N)
HBK
β→∞
VAmµ(x)
=
∑
µ:l(µ)≤N
N !mµ(y)
µ!N |µ|
(
N∑
j=1
xj
)|µ|
=
∑
µ:l(µ)≤N
N !
µ!
mµ
(
(x · 1)y
N
)
= N ! 2tT
(
(x · 1)(y · 1)
N
)
. UeXkX98V
>2`2- 1 /2MQi2b i?2 p2+iQ` (1, . . . , 1)X
h?2 7`22xBM; HBKBi Q7 1[X UeXkXkV Bb iF2M bBKBH`Hv-
HBK
β→∞
∑
ρ∈WB
VB2
√
βy·ρx = 2NN !
∑
µ:l(µ)≤N
mµ[(y)2]
2|µ|µ!N |µ|(ν +N − 1/2)|µ|
(
N∑
j=1
x2j
)|µ|
= 2NN !
∑
µ:l(µ)≤N
1
µ!
mµ
[
(y)2x2
2N(ν +N − 1/2)
]
= 2NN ! 2tT
(
y2x2
2N(ν +N − 1/2)
)
. UeXkX9eV
h?2 HBKBi ν →∞ Q7 1[X UeXkXkV Bb iF2M #2HQr,
HBK
ν→∞
∑
ρ∈WB
VB2
√
νy·ρx
=
∑
µ:l(µ)≤N
2NN !
(2µ)!
mµ[(y)2]
M(µ,N)
HBK
ν→∞
VBν
|µ|mµ[(x)2]
=
∑
µ:l(µ)≤N
2NN !mµ[(y)2]
22|µ|
∑
τ :l(τ)≤N
|τ |=|µ|
cτ (2/β)
c′τ (2/β)
uτµ(2/β)
(βN/2)(2/β)τ
P (2/β)τ [(x)2]
(β/2)|τ |
= 2NN !
∑
τ :l(τ)≤N
cτ (2/β)
c′τ (2/β)
P(2/β)τ [(y)2]P (2/β)τ [(x)2]
2|τ |β|τ |(βN/2)(2/β)τ
. UeXkX9dV
3d
h?Bb Hbi +H+mH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H+mH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√
βtv)(βt)N/2 /v ≈ 2−β[FA(v)−KA]
( β
2pi
)N/2
N !
×
∫
CA
2tT
[
− x
2
2t
+
x2‖v
2
‖
2t(γA + εβ)
+
√
β
t
x⊥v⊥
]
µA(x) /x /v UeXjXjV
M/
fB(t,
√
βtv)(βt)N/2 /v ≈ 2−β[FB(v,ν)−KB ](2β)N/2N !
×
∫
CB
2tT
[
− x
2
2t
(
1− v
2
γB + εβ
)]
µB(x) /x /v UeXjX9V
;Bp2 i?2 b+H2/ T`Q##BHBiv /Bbi`B#miBQMb Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
M/ "2bb2H T`Q+2bb2bX h?2 +QMbiMibKA M/KB `2 ;Bp2M #v 1[bX UeXRXeV M/
UeXRXdV `2bT2+iBp2Hv- M/ i?2v `Bb2 Mim`HHv r?2M QM2 +QMbB/2`b i?2 H2/BM;
Q`/2` i2`Kb BM β Q7 i?2 +QMbiMib cA M/ cB Ub22 h#H2 kXRVX
G2i mb +QMbB/2` i?2 2tT2+iiBQM Q7  i2bi 7mM+iBQM h(v) mM/2` i?2 /Bbi`B@
#miBQMb UeXjXjV M/ UeXjX9V-
〈h〉A,t =
∫
CA
h(v)fA(t,
√
βtv)(βt)N/2 /v, UeXjX8V
〈h〉B,t =
∫
CB
h(v)fB(t,
√
βtv)(βt)N/2 /v. UeXjXeV
3N
h?2 Q#D2+iBp2 Bb iQ b?Qr i?i 7i2`  bmBi#Hv HQM; iBK2- i?2b2 2tT2+iiBQMb
+QMp2`;2 iQ
〈h〉A =
∫
CA
h(v)
2−βFA(v)
zβ,A
/v ≈
( β
2pi
)N/2
N !
∫
CA
h(v)2−β[FA(v)−KA] /v, UeXjXdV
〈h〉B =
∫
CB
h(v)
2−βFB(v)
zβ,B
/v ≈ (2β)N/2N !
∫
CB
h(v)2−β[FB(v,ν)−KB ] /v. UeXjX3V
Ai Bb bbmK2/ i?i h(v) ?b- i KQbi- TQHvMQKBH ;`Qri? b v →∞.
h?2 2tT2+iiBQM 〈h〉B,t rBHH #2 2tKBM2/ }`bi- b Bi Bb bBKTH2` i?M 〈h〉A,tX
JFBM; i?2 bm#biBimiBQM u = x/√t vB2H/b i?2 BMi2;`H
〈h〉B,t = (2βt)N/2N !
∫
CB
∫
CB
h(v)2−β[FB(v,ν)−KB ]
× 2−u2/22u2v2/[2(γB+εβ)]µB(
√
tu) /u /v. UeXjXNV
_2+HHBM; i?2 bvKTiQiB+ #2?pBQ` Q7 i?2 7mM+iBQM 3β 7`QK 1[X U8XkX9kV-
r?2M uv/√β - 1 i?2 T`Q/m+i Q7 2tTQM2MiBHb #2+QK2b
2tT
[
− β[FB(v, ν)−KB] + βv
2
8
−
(
u−
√
βv
2
)2
/2
]
. UeXjXRyV
h?2M- #2+mb2
FB(v, ν)− v
2
8
=
3v2
8
− 2ν + 1
2
N∑
i=1
HQ; |vi|−
∑
1≤i<j≤N
HQ; |v2j − v2i |, UeXjXRRV
i?2 `;mK2Mi Q7 i?2 2tTQM2MiBH Bb /QKBMi2/ #v i?2 i2`Kb −3βv2/8- −u2/2
M/ −(u − √βv/2)2/2X h?Bb K2Mb i?i BM i?2 `2;BQM r?2`2 uv/√β - 1-
i?2 BMi2;`M/ Bb 2tTQM2MiBHHv /2+`2bBM; M/ i?Bb T`i Q7 i?2 BMi2;`H +M #2
M2;H2+i2/X
q?2M uv/√β . 1- i?2 2tT2+iiBQM 〈h〉B,t Bb TT`QtBKi2/ #v
〈h〉B,t ≈ (2βt)N/2N !
∫
CB :u<M1
∫
CB :v<M2
h(v)2−β[FB(v,ν)−KB ]
× 2−u2/22u2v2/[2(γB+εβ)]µB(
√
tu) /u /v, UeXjXRkV
r?2`2 i?2 TQbBiBp2 `2H +QMbiMib M1,M2 `2 +?Qb2M bQ i?i M1M2 .
√
βX
"2+mb2 εβ > 0- i?2 7QHHQrBM; #QmM/ ?QH/b BM i?2 `2;BQM Q7 BMi2;`iBQM BM
1[X UeXjXRkV-
1 ≤ 2tT{u2v2/[2(γB + εβ)]} ≤ 2tT{M21M22/2γB}. UeXjXRjV
Ny
h?mb- 〈h〉B,t Bb #QmM/2/ #v i?2 7QHHQrBM; 2tT`2bbBQMb-∫
CB :u<M1
2−u2/2µB(
√
tu) /u
∫
CB :v<M2
h(v)2−β[FB(v,ν)−KB ] /v
" 〈h〉B,t
(2βt)N/2N !
"
2
M21M
2
2
2γB
∫
CB :u<M1
2−u2/2µB(
√
tu) /u
∫
CB :v<M2
h(v)2−β[FB(v,ν)−KB ] /v. UeXjXR9V
HbQ- i?2 BMi2;`H Qp2` u Bb #QmM/2/ b 7QHHQrb-
2−M21 /2
∫
CB :u<M1
µB(
√
tu) /u ≤∫
CB :u<M1
2−u2/2µB(
√
tu) /u ≤∫
CB :u<M1
µB(
√
tu) /u, UeXjXR8V
M/ #2+mb2 µB(x) Bb  T`Q##BHBiv K2bm`2 rBi? }MBi2 b2+QM/ KQK2Mib-∫
CB :u<M1
µB(
√
tu) /u = 1
tN/2
{1 +O[(M1
√
t)−(r−N+2)]}, UeXjXReV
r?2`2 r > N − 2X
AM //BiBQM- /m2 iQ 1[X U9X9X9V QM2 ?b UM2;H2+iBM; i?2 TQHvMQKBH@;`QrBM;
+Q2{+B2Mi Q7 i?2 2tTQM2MiBH BM i?2 +Q``2+iBQM i2`KV∫
CB :v<M2
h(v)2−β[FB(v,ν)−KB ] /v = 〈h〉B[1 +O(2−βM22 /2)], UeXjXRdV
r?2`2 〈h〉B Bb i?2 bi2/v@bii2 2tT2+iiBQM Q7 h(v)X
AMb2`iBM; 1[bX UeXjXR8V- UeXjXReV M/ UeXjXRdV BMiQ 1[X UeXjXNV ;Bp2b
〈h〉B2−M21 /2[1 +O(2−βM22 /2)]{1 +O[(M1
√
t)−(r−N+2)]}
" 〈h〉B,t "
〈h〉B2M21M22 /2γB [1 +O(2−βM22 /2)]{1 +O[(M1
√
t)−(r−N+2)]}. UeXjXR3V
6`QK i?Bb 2tT`2bbBQM- Bi 7QHHQrb i?i
〈h〉B,t = 〈h〉B{1 +O[(M1
√
t)−(r−N+2)] +O[M21 ] +O[M
2
1M
2
2 ]}, UeXjXRNV
NR
#v bbmKBM; i?i i?2 +QM/BiBQMb
M21 . 1, tM21 - 1, βM22 - 1, M/ M21M22 . 1 UeXjXkyV
`2 biBb}2/X a2iiBM; M1 ∝ t−α M/ M2 ∝ β−α rBi? 0 < α < 1/2- QM2 +M
Hrvb }M/ bm{+B2MiHv H`;2 pHm2b Q7 t M/ β bm+? i?i HH i?2 +QM/BiBQMb
UeXjXkyV `2 biBb}2/X qBi? i?Bb +?QB+2 Q7 M1 M/ M2- 1[X UeXjXRNV #2+QK2b
〈h〉B,t = 〈h〉B{1 +O[t−(1/2−α)(r−N+2)] +O[Kt(t−2α, (βt)−2α)]}, UeXjXkRV
r?2`2 0 < α < 1/2- r > N − 2 M/ (βt)−α . 1X
h?2 2tT2+iiBQM 〈h〉A,t +M #2 i`2i2/ bBKBH`HvX 6B`bi- Bi Kmbi #2 MQi2/
i?i i?2 T`iB+H2@T`iB+H2 BMi2`+iBQM i2`K BM 1[X UeXRXjV /Q2b MQi /2T2M/
QM i?2 +QKTQM2Mi Q7 v i?i Bb T2`T2M/B+mH` iQ i?2 `QQi bvbi2K Q7 ivT2 A-
MK2Hv v⊥ = v · 1/
√
N X _2+HH HbQ i?i v‖ = v − (v · 1)1/N X h?2M- QM2
Kv r`Bi2
FA(v) =
v2‖
2
−
∑
1≤i<j≤N
HQ; |vj‖ − vi‖|+ v
2
⊥
2
= FA(v‖) +
v2⊥
2
, UeXjXkkV
#2+mb2 v2 = v2‖ + v2⊥X
h?2 `;mK2Mi Q7 i?2 2tTQM2MiBHb BM 1[X UeXjXjV Bb i`Mb7Q`K2/ b 7QHHQrb-
− β[FA(v)−KA]− x
2
2t
+
x2‖v
2
‖
2t(γA + εβ)
+
√
β
t
x⊥v⊥
= −β[FA(v‖)−KA]−
x2‖
2t
+
x2‖v
2
‖
2t(γA + εβ)
− 1
2
(√
βv⊥ − x⊥√
t
)2
. UeXjXkjV
qBi? i?2 p`B#H2 bm#biBimiBQM u = x/√t- 〈h〉A,t #2+QK2b
〈h〉A,t =
(βt
2pi
)N/2
N !
∫
CA
∫
CA
h(v)2−β[FA(v‖)−KA]−u2‖/2+u2‖v2‖/2(γA+εβ)
× 2tT
[
− 1
2
(√
βv⊥ − u⊥
)2]
µA(
√
tu) /u /v. UeXjXk9V
G2i mb 7Q+mb QM i?2 BMi2;`H Qp2` u⊥ }`biX 6Q` i?Bb Tm`TQb2- +QMbB/2` 
TQbBiBp2 M/ BMi2;`#H2 7mM+iBQM f(x) rBi? TQHvMQKBH /2+v i BM}MBiv-
f(x)
|x| H`;2≈ C
xr
, UeXjXk8V
r?2`2 C Bb  TQbBiBp2 +QMbiMi M/ r > 0X *QMbB/2` MQr i?2 BMi2;`H∫
R
f(
√
tx)2−(
√
βy−x)2/2 /x UeXjXkeV
Nk
b  bBKTH2 `2T`2b2MiiBQM Q7 i?2 BMi2;`H Qp2` u⊥ BM 1[X UeXjXk9VX lbBM; i?2
p`B#H2 bm#biBimiBQM x = √βu M/ b2iiBM; 0 < 3. 1 ;Bp2b∫
R
f(
√
tx)2−(
√
βy−x)2/2 /x =
√
β
[ ∫
|u|≥,
+
∫
|u|<,
]
f(
√
βtu)2−β(y−u)2/2 /u.
UeXjXkdV
"2+mb2 f(x) Bb  TQbBiBp2 7mM+iBQM- i?2 Qmi2` BMi2;`H +M #2 #QmM/2/ b
7QHHQrb-∫
|u|≥,
f(
√
βtu)2−β(y−u)2/2 /u ≤
∫
|u|≥,
C
(
√
βtu)r
/u = O[(βt)−r/23−r+1].
UeXjXk3V
"v i?2 K2M pHm2 i?2Q`2K- i?2`2 2tBbib  MmK#2` u∗ bm+? i?i |u∗| < 3
M/ ∫ ,
−,
f(
√
βtu)2−β(y−u)2/2 /u = 2−β(y−u∗)2/2
∫ ,
−,
f(
√
βtu) /u. UeXjXkNV
h?2M- #v KFBM; β M/ t H`;2 2MQm;? i?i √βt3 - 1 r?BH2 F22TBM;
3. 1- QM2 Q#iBMb∫
R
f(
√
tx)2−(
√
βy−x)2/2 /x = 2−β(y−u∗)2/2
∫ ,√β
−,√β
f(
√
tx) /x
+O[t−r/2(β32)−(r−1)/2]. UeXjXjyV
a2iiBM; 3 ∝ (βt)−α rBi? 0 < α < 1/2 biBb}2b i?2 bbmKTiBQMb √βt3 - 1
M/ 3. 1 7Q` β M/ t bm{+B2MiHv H`;2X
6BMHHv- i?2 BMi2;`H UeXjXkeV ;Bp2b∫
R
f(
√
tx)2−(
√
βy−x)2/2 /x = 2
−βy2/2
√
t
∫
R
f(x′) /x′ +O[t−1/2(βt)−(1/2−α)(r−1)]
UeXjXjRV
7i2` KFBM; u∗ ≈ 0- 2ti2M/BM; i?2 /QKBM Q7 BMi2;`iBQM Qp2` x iQ R i i?2
2tT2Mb2 Q7  +Q``2+iBQM i2`K Q7 Q`/2` O[(βt)−r/23−r+1] M/ mbBM; i?2 p`B#H2
bm#biBimiBQM √tx = x′X qBi? i?Bb- i?2 BMi2;`H Qp2` u⊥ BM 1[X UeXjXk9V +M
#2 2pHmi2/ /B`2+iHv- M/ i?2 BMi2;`H Qp2` u‖ Bb 2pHmi2/ BM i?2 bK2 rv
b BM i?2 /2`BpiBQM Q7 1[X UeXjXkRVX h?2 QMHv /Bz2`2M+2 Bb i?i i?2 BMi2;`H
Qp2` u‖ Bb M (N − 1)@/BK2MbBQMH BMi2;`H- bQ N Kmbi #2 `2TH+2/ #v N − 1
BM 1[X UeXjXkRVX
*QK#BMBM; i?2 BMi2;`Hb Qp2` u‖ M/ u⊥ i?`Qm;? i?2 mb2 Q7 1[X UeXjXkRV
rBi? N → N − 1 M/ 1[X UeXjXjRV ;Bp2b
〈h〉A,t = 〈h〉A{1 +O[t−(1/2−α)(r−N+3)] +O[t−1/2(βt)−(1/2−α)(r−1)]}. UeXjXjkV
qBi? i?Bb- i?2 /2`BpiBQM Bb +QKTH2i2X !
Nj
eXjXk β →∞ M/ ν →∞ `2;BK2b
G2i mb 7Q+mb }`bi QM i?2 7`22xBM; /Bbi`B#miBQM 7Q` i?2 BMi2`+iBM; "`QrMBM
KQiBQMbX h?2 2ti`2K Q7 i?2 7mM+iBQM FA(v) `2 HQ+i2/ i v = hN Q` Mv Q7
Bib T2`KmiiBQMb- M/ HH 2ti`2K `2 HQ+H KBMBKX h?Bb Bb T`Qp2/ b 7QHHQrbX
h?2 }`bi@Q`/2` T`iBH /2`BpiBp2b Q7 FA(v) `2HiBp2 iQ v `2
∂
∂vi
FA(v) = vi −
N∑
j:j $=i
j=1
1
vi − vj UeXjXjjV
>2M+2- i?2 2ti`2K Q7 FA(v) Q++m` i TQBMib v r?B+? Q#2v i?2 `2HiBQM
vi =
N∑
j:j $=i
j=1
1
vi − vj . UeXjXj9V
h?2 b2+QM/ Q`/2` /2`BpiBp2b Q7 FA(v) `2
∂2
∂vj∂vi
[v2
2
−
∑
1≤i<j≤N
HQ; |vj − vi|
]
=
∂
∂vj
[
vi −
∑
l:l $=i
1
vi − vl
]
=
{
1 +
∑
l:l $=i
1
(vi−vl)2 B7 i = j,− 1(vi−vj)2 B7 i )= j.
UeXjXj8V
h?2 >2bbBM Ki`Bt 7Q`K2/ #v i?2 N × N b2+QM/ Q`/2` /2`BpiBp2b #Qp2
Bb TQbBiBp2 /2}MBi2 7Q` HH p2+iQ`b v bm+? i?i vi )= vj 7Q` i )= jX hQ b?Qr
i?Bb- r2 +QMbB/2` M `#Bi``v `2H p2+iQ` u M/ +H+mHi2 i?2 [m/`iB+ 7Q`K
bbQ+Bi2/ iQ UeXjXj8VX
∑
1≤i,j≤N
ui
∂2FA(v)
∂vj∂vi
uj =
N∑
i=1
u2i +
1
2
∑
1≤i<j≤N
(ui − uj)2
(vi − vj)2 ≥ 0 UeXjXjeV
>2`2- i?2 2[mHBiv ?QH/b QMHv r?2M HH i?2 ui `2 2[mH iQ x2`QX >2M+2-
HH 2ti`2K ;Bp2M #v UeXjXj9V `2 KBMBKX amTTQb2 i?i i?2`2 2tBbib  p2+@
iQ` z r?B+? biBb}2b 1[X UeXjXj9VX :Bp2M z- Mv Q7 Bib T2`KmiiBQMb bQHp2
1[X UeXjXj9V,
zρ(i) =
N∑
j:j $=i
j=1
1
zρ(i) − zρ(j) UeXjXjdV
7Q` Mv ρ ∈ SN X
N9
1[miBQM UeXjXj9V BKTHB2b i?i {zi}i=1,...,N Kmbi #2 i?2 `QQib Q7 i?2 Ni?
>2`KBi2 TQHvMQKBH-  7+i i?i Bb b?QrM b 7QHHQrbX JmHiBTHv 1[X UeXjXj9V
#v ∏Nl:l $=i
l=1
(zi − zj)X h?2 `2bmHi Bb
zi
N∏
l:l $=i
l=1
(zi − zl) =
N∑
j:j $=i
j=1
N∏
l:l $=i,j
l=1
(zi − zl). UeXjXj3V
LQr- /2}M2 i?2 TQHvMQKBH r?Qb2 `QQib `2 {zi}i=1,...,N #v
p1(x) = c1
N∏
n=1
(x− zn), UeXjXjNV
rBi? c1  MQM@x2`Q +QMbiMiX h?2 }`bi irQ /2`BpiBp2b Q7 i?Bb TQHvMQKBH `2,
p′1(x) =
/
/xp1(x) = c1
N∑
j=1
N∏
n:n $=j
n=1
(x− zn) UeXjX9yV
M/
p′′1(x) =
/2
/x2p1(x) = 2c1
∑
1≤j<l≤N
N∏
n:n $=j,l
n=1
(x− zn). UeXjX9RV
i Mv Q7 i?2 pHm2b zi- p′′1(x) #2?p2b b 7QHHQrbX
p′′1(zi) = 2c1
N∑
j:j $=i
j=1
N∏
n:n $=i,j
n=1
(zi − zn) UeXjX9kV
q2 BMb2`i UeXjXj3V iQ Q#iBM
p′′1(zi) = 2c1zi
N∏
n:n $=i
n=1
(zi − zn) = 2zip′1(zi). UeXjX9jV
Ai Bb FMQrM (3j) i?i i?2 /Bz2`2MiBH `2HiBQM QM i?2 x2`Qb Q7 i?2 TQHvMQKBH
p1(x) Bb QMHv 7mH}HH2/ #v i?2 Ni? >2`KBi2 TQHvMQKBHX AM/22/- Bi bQHp2b i?2
/Bz2`2MiBH 2[miBQM
H ′′N(x)− 2xH ′N(x) + 2NHN(x) = 0, UeXjX99V
r?B+? `2/m+2b iQ UeXjX9jV r?2M x = hi,N , rBi? i = 1, . . . , N M/ hi,N Bb i?2
ii? `QQi Q7 HN(x)X >2M+2- p1(x) ∝ HN(x), M/ z = hN - b /2bB`2/X
N8
h?2 pHm2 Q7 i?2 7mM+iBQM FA(v)−KA i Bib KBMBK Bb
FA(hN)−KA = h
2
N
2
−
∑
1≤i<j≤N
HQ; |hj,N − hi,N |
− N
4
(N − 1)(1 + HQ; 2) + 1
2
N∑
i=1
i HQ; i. UeXjX98V
6`QK 1[X UeXjXj9V- i?2 b[m`2/ MQ`K Q7 hN +M #2 +H+mHi2/ b 7QHHQrb-
h2N =
∑
1≤i $=j≤N
hi,N
hi,N − hj,N =
1
2
∑
1≤i $=j≤N
hi,N − hj,N
hi,N − hj,N =
N
2
(N − 1) = γA.
UeXjX9eV
h?2 i2`K ∑1≤i<j≤N HQ; |hj,N − hi,N | Bb +H+mHi2/ 7QHHQrBM; ax2;ƺ (3j)X
lbBM;
H ′N(hi,N) = HBK
x→hi,N
HN(x)
x− hi,N = 2
N
N∏
j:j $=i
j=1
(hi,N − hj,N), UeXjX9dV
QM2 Kv r`Bi2∏
1≤i<j≤N
(hj,N − hi,N)2 = (−1)N(N−1)/2
∏
1≤i $=j≤N
(hj,N − hi,N)
=
(−1)N(N−1)/2
2N2
N∏
i=1
H ′N(hi,N)
=
(−1)N(N−1)/2NN
2N(N−1)
N∏
i=1
HN−1(hi,N). UeXjX93V
h?2 Hbi 2[mHBiv 7QHHQrb 7`QK i?2 /2`BpiBp2 `2HiBQM
H ′N(x) = 2NHN−1(x). UeXjX9NV
G2i mb 7Q+mb QM i?2 Hbi T`Q/m+i,
N∏
i=1
HN−1(hi,N) = 2N(N−1)
N∏
i=1
N−1∏
j=1
(hi,N − hj,N−1)
= 2N(N−1)
N−1∏
j=1
N∏
i=1
(hj,N−1 − hi,N) =
N−1∏
j=1
HN(hj,N−1). UeXjX8yV
Ne
6`QK i?2 `2+m``2M+2 `2HiBQM
HN(x) = 2xHN−1(x)− 2(N − 1)HN−2(x), UeXjX8RV
Bi 7QHHQrb i?iHN(hj,N−1) = −2(N−1)HN−2(hj,N−1)X h?2`27Q`2- i?2 T`Q/m+i
#Qp2 #2+QK2b
N∏
i=1
HN−1(hi,N) = [−2(N − 1)]N−1
N−1∏
j=1
HN−2(hj,N−1). UeXjX8kV
Ji?2KiB+H BM/m+iBQM QM i?2 Hbi `2HiBQM ;Bp2b
N∏
i=1
HN−1(hi,N) = (−2)N(N−1)/2
N−1∏
j=1
jj. UeXjX8jV
h?2`27Q`2-
∏
1≤i<j≤N
(hj,N − hi,N)2 = (−1)
N(N−1)/2NN
2N(N−1)
N∏
i=1
HN−1(zi,N)
=
1
2N(N−1)/2
N∏
j=1
jj. UeXjX89V
hFBM; i?2 HQ;`Bi?K Q7 i?2 #Qp2 2tT`2bbBQM ;Bp2b
2
∑
1≤i<j≤N
HQ; |hj,N − hi,N | =
N∑
i=1
i HQ; i− N
2
(N − 1) HQ; 2. UeXjX88V
AMb2`iBM; 1[bX UeXjX9eV M/ UeXjX88V BMiQ 1[X UeXjX98V }MHHv vB2H/b
FA(hN)−KA = 0. UeXjX8eV
lbBM; HH Q7 i?2 T`2pBQmb BM7Q`KiBQM #Qmi FA(v)- QM2 Kv iF2 i?2
7`22xBM; HBKBi β →∞ 7`QK i?2 HQr@i2KT2`im`2 TT`QtBKiBQM Q7 i?2 b+H2/
/Bbi`B#miBQM fA(t,
√
βtv)(βt)N/2 ;Bp2M BM 1[X UeXjXjV- r?B+? bi`ib 7`QK i?2
`#Bi``v T`Q##BHBiv /Bbi`B#miBQM µ(x) /2}M2/ QM CAX "2+mb2 FA(v)−KA
?b Bib KBMBK i Mv TQbbB#H2 T2`KmiiBQM Q7 i?2 p2+iQ` hN Ur?B+? r2
bbmK2 Bb ``M;2/ BM BM+`2bBM; Q`/2`V- i?2 7QHHQrBM; HBKBi Bb Q#iBM2/-
HBK
β→∞
2−β[FA(v)−KA]
( β
2pi
)N/2
N ! =
∑
ρ∈SN
δ(N)(v − ρhN). UeXjX8dV
Nd
h?2 QMHv +H+mHiBQM i?i `2KBMb Bb i?2 7`22xBM; HBKBi β → ∞ Q7 i?2
BMi2;`H Qp2` x BM 1[X UeXjXjVX h?2 BMi2;`H Bb ;Bp2M #v i?2 2tT`2bbBQM∫
CA
2tT
[
− x
2
2t
+
x2‖v
2
‖
2t(γA + εβ)
+
√
β
t
x⊥v⊥
]
µA(x) /x. UeXjX83V
LQi2 i?i hN⊥ = hN · 1/
√
N = 0 #2+mb2 i?2 `QQib Q7 i?2 >2`KBi2 TQHv@
MQKBHb `2 /Bbi`B#mi2/ bvKK2i`B+HHv rBi? `2bT2+i iQ i?2 Q`B;BM- K2MBM;
i?i
N∑
i=1
hi,N = 0. UeXjX8NV
lbBM; 1[X UeXjXkkV- QM2 Kv iF2  i2`K −βv2⊥/2 7`QK i?2 7mM+iBQM FA(v) iQ
`2r`Bi2 i?2 BMi2;`H b 7QHHQrb-∫
CA
2tT
[
− x
2
‖
2t
+
x2‖v
2
‖
2t(γA + εβ)
− 1
2
(x⊥√
t
−
√
βv⊥
)]
µA(x) /x. UeXjXeyV
6`QK 1[bX UeXjX9eV M/ U8XkXjNV- Bi 7QHHQrb i?i
−x
2
‖
2t
+
x2‖v
2
‖
2t(γA + εβ)
β→∞−→ 0, UeXjXeRV
#2+mb2 1[X UeXjX8dV 7Q`+2b v‖ iQ #2 2[mH iQ hN‖ = hN BM i?2 7`22xBM; HBKBi
β →∞X
*QMb2[m2MiHv- QMHv i?2 7`22xBM; HBKBi Q7 i?2 i2`Kb BMpQHpBM; v⊥ M/ x⊥
`2KBMb iQ #2 +H+mHi2/X 6`QK 1[X U8X9X3V Bi 7QHHQrb i?i- BM i?2 b2Mb2 Q7
/Bbi`B#miBQMb- √
β
2pi
2−β(v⊥−x⊥/
√
βt)2/2 β→∞−→ δ(v⊥). UeXjXekV
h?2`27Q`2- i?2 b+H2/ /Bbi`B#miBQM #2+QK2b
fA(t,
√
βtv)(βt)N/2
β→∞−→
∑
ρ∈SN
δ(N)(v − ρhN) = δ(v⊥)
∑
ρ∈SN
δ(N−1)(v‖ − ρhN).
UeXjXejV
>Qr2p2`- fA(t,y) Bb MQ`KHBx2/ BM CA- K2MBM; i?i QMHv i?2 /2Hi 7mM+iBQM
HQ+i2/ i hN M22/b iQ #2 iF2M BMiQ ++QmMi M/ HH i?2 Qi?2` i2`Kb +M #2
M2;H2+i2/X h?2`27Q`2-
fA(t,
√
βtv)(βt)N/2
β→∞−→ δ(N)(v − hN), UeXjXe9V
M/ i?2 +H+mHiBQM Bb +QKTH2i2X
N3
h?2 7`22xBM; /Bbi`B#miBQM 7Q` i?2 BMi2`+iBM; "2bb2H T`Q+2bb2b Bb ;Bp2M BM 
bBKBH` KMM2`X h?2 2ti`2K Q7 FB(v, ν) `2 HQ+i2/ i rν−1/2,N - Bib T2`Km@
iiBQMb M/ bB;M +?M;2b- r?2`2 (rν−1/2,N)2 = lν−1/2,N X 6m`i?2`KQ`2- HH Bib
2ti`2K `2 HQ+H KBMBKX hQ T`Qp2 i?Bb- QM2 Kmbi }`bi +QMbB/2` i?2 2ti`2K
Q7 FB(v, ν)- r?B+? `2 ;Bp2M #v
v2i = ν + 1/2 +
N∑
j:j $=i
j=1
2v2i
v2i − v2j
. UeXjXe8V
h?2 b2+QM/ /2`BpiBp2b Q7 FB(v, ν) `2 ;Bp2M #v
∂2
∂vj∂vi
FB(v, ν) = δij
(
1 +
2ν + 1
2v2i
)
+ 2
[
δij
N∑
l:l $=i
l=1
v2i + v
2
l
(v2i − v2l )2
− (1− δij) 2vivj
(v2i − v2j )2
]
. UeXjXeeV
h?2 >2bbBM Q7 FB(v, ν) Bb TQbBiBp2 /2}MBi2- #2+mb2 7Q` M `#Bi``v p2+iQ`
u ∈ RN i?2 7QHHQrBM; 2tT`2bbBQM Bb MQM@M2;iBp2-
∑
1≤i,j≤N
uiuj
∂2
∂vj∂vi
FB(v, ν) =
N∑
i=1
u2i
(
1 +
2ν + 1
2v2i
)
+
∑
1≤i $=j≤N
(uivi − ujvj)2 + (uivj − ujvi)2
(v2i − v2j )2
≥ 0. UeXjXedV
h?2`27Q`2- HH 2ti`2K `2 KBMBKX
LQr- b2iiBM; s = (u)2 BM UeXjXe8V vB2H/b
si = ν + 1/2 +
N∑
j:j $=i
j=1
2si
si − sj . UeXjXe3V
G2i mb /2}M2 i?2 7QHHQrBM; TQHvMQKBH-
p2(x) = c2
N∏
j=1
(x− sj), UeXjXeNV
M/ /2MQi2 #v p′2(x) M/ p′′2(x) Bib }`bi M/ b2+QM/ /2`BpiBp2b- `2bT2+iBp2HvX
NN
1pHmiBM; i?2K i x = si- i?2v #2+QK2
p′2(si) = c2
N∏
n:n $=i
n=1
(si − sn) M/ UeXjXdyV
p′′2(si) = 2c2
N∑
j:j $=i
j=1
N∏
n:n $=i,j
n=1
(si − sn). UeXjXdRV
JmHiBTHvBM; UeXjXe3V #v p′N(si) vB2H/b
sip
′′
2(si) + (ν + 1/2− si)p′2(si) = 0, i = 1, . . . , N. UeXjXdkV
*QKT`BM; i?Bb 2[miBQM rBi? i?2 /Bz2`2MiBH 2[miBQM Q#2v2/ #v i?2 G@
;m2``2 TQHvMQKBHb (3j)-
xL(α)′′N (x) + (α + 1− x)L(α)′N (x) +NL(α)N (x) = 0, UeXjXdjV
Bi 7QHHQrb i?i p2(x) Kmbi #2 T`QTQ`iBQMH iQ L(ν−1/2)N (x)- M/ i?2 b2i {si}Ni=1
Kmbi #2 i?2 b2i Q7 `QQib Q7 L(ν−1/2)N (x)- {li,ν−1/2,N}Ni=1X h?Bb- BM im`M- K2Mb
i?i i?2 KBMBK Q7 FB(v,α + 1/2) HB2 i v = (
√
l1,α,N , . . . ,
√
lN,α,N) rBi?
α = ν − 1/2X
G2i mb /2}M2 rν−1/2,N bm+? i?i
(rν−1/2,N)2 = lν−1/2,N . UeXjXd9V
i Bib KBMBK- i?2 7mM+iBQM FB(v, ν)−KB iF2b i?2 pHm2
FB(rν−1/2,N , ν)−KB = r
2
2
− 2ν + 1
4
N∑
i=1
HQ; r2i −
∑
1≤i<j≤N
HQ; |r2j − r2i |
− N
2
(N + ν − 1/2) + 1
2
N∑
i=1
i HQ; i+ 1
2
N∑
i=1
(ν + i− 1/2) HQ;(ν + i− 1/2).
UeXjXd8V
AM i?Bb 2tT`2bbBQM- i?2 bm#BM/B+2b N M/ ν − 1/2 ?p2 #22M QKBii2/ 7Q` i?2
bF2 Q7 #`2pBiv- M/ i?2v rBHH #2 QKBii2/ ?2M+27Q`i? 2t+2Ti 7Q` i?2 +b2b BM
r?B+? +QM7mbBQM Kv `Bb2X "2+mb2 r Q#2vb 1[X UeXjXe8V- Bi 7QHHQrb i?i Bib
b[m`2/ MQ`K Bb
r2ν−1/2,N =
N∑
i=1
(
ν + 1/2 +
N∑
j:j $=i
j=1
2r2i
r2i − r2j
)
= N(ν + 1/2) +N(N − 1) = γB.
UeXjXdeV
Ryy
h?2 b2+QM/ i2`K +M #2 +H+mHi2/ 7`QK
N∑
i=1
HQ; r2i =
N∑
i=1
HQ; li,α,N = HQ;(N !L(α)N (0)), UeXjXddV
r?2`2 α = ν − 1/2 M/ L(α)N (0) = 1N !
∏N
i=1(α + i) (3j)X h?Bb ;Bp2b
N∑
i=1
HQ; r2i =
N∑
i=1
HQ;(α + i). UeXjXd3V
6BMHHv- i?2 i?B`/ i2`K Bb +H+mHi2/ 7QHHQrBM; (3j) M/ BM  KMM2` bBKBH`
iQ i?2 +b2 Q7 i?2 7mM+iBQM FA(v)X *QMbB/2` i?2 2tT`2bbBQM∏
1≤i<j≤N
(lj,α,N − li,α,N)2 = (−1)N(N+1)/2(N !)N
N∏
i=1
L(α)′N (li,α,N). UeXjXdNV
lbBM; i?2 /2`BpiBp2 `2HiBQM xL(α)′N (x) = NL(α)N (x) − (N + α)L(α)N−1(x) +QK@
#BM2/ rBi? 1[X UeXjXd3V- QM2 Q#iBMb∏
1≤i<j≤N
(lj,α,N − li,α,N)2 = (−1)
N(N−1)/2(N !)N(α +N)N∏N
j=1(α + j)
N∏
i=1
L(α)N−1(li,α,N).
UeXjX3yV
h?2 T`Q/m+i Q7 G;m2``2 TQHvMQKBHb +M #2 `2r`Bii2M b
N∏
i=1
L(α)N−1(li,α,N) =
NN
N !
N−1∏
i=1
L(α)N (li,α,N−1), UeXjX3RV
M/ mbBM; i?2 `2+m`bBQM `2HiBQM NL(α)N (x) = (−x + 2N + α − 1)L(α)N−1(x) −
(N + α− 1)L(α)N−2(x) QM i?2 2tT`2bbBQM #Qp2 vB2H/b
N∏
i=1
L(α)N−1(li,α,N) =
(−1)N−1(N − 1 + α)N−1
(N − 1)!
N−1∏
i=1
L(α)(N−1)−1(li,α,N−1). UeXjX3kV
Ji?2KiB+H BM/m+iBQM QM i?2 Hbi 2[miBQM ;Bp2b
N∏
i=1
L(α)N−1(li,α,N) = (−1)N(N−1)/2
N−1∏
i=1
(
α + i
N − i
)i
. UeXjX3jV
AMb2`iBM; i?Bb 2tT`2bbBQM BMiQ 1[X UeXjX3yV M/ iFBM; HQ;`Bi?Kb QM #Qi?
bB/2b ;Bp2b
2
∑
1≤i<j≤N
HQ; |lj,α,N − li,α,N | =
N∑
i=1
[(i− 1) HQ;(α + i) + i HQ; i]. UeXjX39V
RyR
6BMHHv- bm#biBimiBM; 1[bX UeXjXdeV- UeXjXd3V M/ UeXjX39V BMiQ 1[X UeXjXd8V
;Bp2b
FB(rν−1/2,N , ν) = 0. UeXjX38V
"2+mb2 i?2 `QQi bvbi2K Q7 ivT2 B bTMb RN - i?2 +H+mHiBQM Q7 i?2 7`22x@
BM; HBKBi β → ∞ Q7 i?2 b+H2/ /Bbi`B#miBQM fB(t,
√
βtv)(βt)N/2 Bb bBKTH2`
i?M i?2 +b2 Q7 i?2 `QQi bvbi2K Q7 ivT2 AX AM i?Bb +b2- i?2 bi2/v bii2
/Bbi`B#miBQM 7QHHQrb i?2 7`22xBM; HBKBi
HBK
β→∞
2−β[FB(v)−KB ](2β)N/2N ! =
∑
ρ∈WB
δ(N)(v − ρrν−1/2,N), UeXjX3eV
#2+mb2 FB(v) − KB > 0 r?2M2p2` v )= rν−1/2,N Q` Bib Q`#Bi BM WBX Ai Bb
bbmK2/ i?i HH i?2 +QKTQM2Mib Q7 rν−1/2,N `2 TQbBiBp2 M/ i?i i?2v `2
``M;2/ BM BM+`2bBM; Q`/2` bQ i?i rν−1/2,N ∈ CBX
"v 1[X UeXkX9jV- i?2 BMi2;`H Qp2` x Bb ;Bp2M #v∫
CB
2tT
[
− x
2
2t
(
1− v
2
γB + εβ
)]
µB(x) /x, UeXjX3dV
M/ b β →∞- εβ → 0 M/ v2 → r2ν−1/2,N = γBX h?2`27Q`2-
fB(t,
√
βtv)(βt)N/2 = 2−β[FB(v)−KB ](2β)N/2N !
×
∫
CB
2tT
[
− x
2
2t
(
1− v
2
γB + εβ
)]
µB(x) /x
β→∞−→
∑
ρ∈WB
δ(N)(v − ρrν−1/2,N)
∫
CB
µB(x) /x
=
∑
ρ∈WB
δ(N)(v − ρrν−1/2,N). UeXjX33V
>Qr2p2`- fB(t,
√
βtv)(βt)N/2 Bb QMHv /2}M2/ M/ MQ`KHBx2/ BM CB- K2MBM;
i?i i?2 /2Hi 7mM+iBQMb i?i `2 QmibB/2 Q7 CB +M #2 M2;H2+i2/X h?2`27Q`2-
HBK
β→∞
fB(t,
√
βtv)(βt)N/2 = δ(N)(v − rν−1/2,N), UeXjX3NV
b /2bB`2/X
AM i?2 HBKBi ν → ∞ Q7 i?2 /Bbi`B#miBQM fB(t,
√
βνtv)(βνt)N/2- QM2 Kmbi
+QMbB/2` i?2 #2?pBQ` Q7 i?2 2tT`2bbBQM FB(√νv, ν) − KB r?2M ν Bb Km+?
Ryk
H`;2` i?M N − 1/2X h?2 2tT`2bbBQM
FB(
√
νv, ν)−KB = ν v
2
2
−2ν + 1
4
(
N HQ; ν+
N∑
i=1
HQ; v2i
)
−
∑
1≤i<j≤N
HQ; |v2j−v2i |
− N
2
(N − 1) HQ; ν − N
2
(N + ν − 1/2) + 1
2
N∑
i=1
i HQ; i
+
1
2
N∑
i=1
(ν + i− 1/2) HQ;(ν + i− 1/2) UeXjXNyV
+M #2 TT`QtBKi2/ #v
FB(
√
νv, ν) − KB ≈ ν
[v2
2
− 1
2
N∑
i=1
HQ; v2i −
N
2
]
−
∑
1≤i<j≤N
HQ; ν|v2j − v2i |
UeXjXNRV
r?2M ν - N − 1/2X h?2 2tT`2bbBQM BM T`2Mi?2b2b Bb i?2 7mM+iBQM F˜B(v)
/2}M2/ BM 1[X UeXRX8VX h?2`27Q`2- mbBM; 1[X UeXkX99V- i?2 b+H2/ /Bbi`B#miBQM
BM i?Bb +b2 Bb ;Bp2M #v
fB(t,
√
βνtv)(βνt)N/2 ≈ 2−βνF˜B(v)
∏
1≤i<j≤N
|ν(v2j − v2i )|β(2βν)N/2N !
×
∫
CB
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x. UeXjXNkV
h?2 7mM+iBQM F˜B(v) ?b i?2 7QHHQrBM; }`bi@ M/ b2+QM/@Q`/2` /2`BpiBp2b-
∂F˜B
∂vi
= vi − 1
vi
, UeXjXNjV
∂2F˜B
∂vj∂vi
= δij
(
1 +
1
v2i
)
. UeXjXN9V
*QMb2[m2MiHv- i?2 >2bbBM Q7 F˜B(v) Bb TQbBiBp2 /2}MBi2 M/ HH 2ti`2K `2
KBMBKX AM //BiBQM- i?2 KBMBK HB2 QM HH p2+iQ`b v bm+? i?i vi = ±1-
M/ i?2 KBMBKmK pHm2 Q7 F˜B(v) Bb x2`QX h?2M- 7Q` H`;2 pHm2b Q7 βν i?2
7QHHQrBM; TT`QtBKiBQM ?QH/b-
2−βνF˜B(v) ≈
N∏
i=1
∑
zi=±1
2tT
[
− βν(vi − zi)2
]
. UeXjXN8V
Ryj
*QMbB/2` MQr i?2 BMi2;`H
E =
∫
C¯B
h(v)
N∏
i=1
∑
zi=±1
2−βν(vi−zi)2
∏
1≤i<j≤N
|ν(v2j − v2i )|β(2βν)N/2N !
×
∫
C¯B
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x /v, UeXjXNeV
r?2`2 h(v) Bb  i2bi 7mM+iBQM rBi? TQHvMQKBH ;`Qri? i BM}MBivX .2}M2 i?2
7QHHQrBM; bm#b2i Q7 i?2 +HQbm`2 Q7 CB- D, = {y ∈ C¯B : 1 − 3 ≤ y1 ≤ . . . ≤
yN ≤ 1 + 3}- r?2`2 0 < 3. 1X i p2`v H`;2 pHm2b Q7 βν- QM2 ?b∫
C¯B\D'
h(v)
N∏
i=1
∑
zi=±1
2−βν(vi−zi)2
∏
1≤i<j≤N
|ν(v2j − v2i )|β(2βν)N/2N !
×
∫
C¯B
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x /v
= O[2−βν,2 ], UeXjXNdV
#2+mb2 i?2 :mbbBM i2`K /QKBMi2b i?2 BMi2;`M/ rv 7`QK (v)2 = 1X
h?2`27Q`2- B7 3 Bb +?Qb2M bKHH r?BH2 F22TBM; βν32 p2`v H`;2- i?Bb T`i Q7 i?2
BMi2;`H +M #2 M2;H2+i2/X 6Q` i?Bb Tm`TQb2- b2i 3 ∝ ν−α rBi? 0 < α < 1/2X
h?2M- i?2 BMi2;`H Qp2` D, Bb bBKTHB}2/ mbBM; i?2 K2M pHm2 i?2Q`2K b∫
D'
h(v)
N∏
i=1
∑
zi=±1
2−βν(vi−zi)2
∏
1≤i<j≤N
|ν(v2j − v2i )|β(2βν)N/2N !
×
∫
C¯B
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x /v
= (2βν)N/2N !
∏
1≤i<j≤N
|ν(v2j∗ − v2i∗)|β
∫
D'
h(v)
N∏
i=1
∑
zi=±1
2−βν(vi−zi)2
×
∫
C¯B
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x /v, UeXjXN3V
r?2`2 v∗ ∈ D,X h?2M- i?2 +QKTQM2Mib Q7 v∗ ?p2 i?2 T`QT2`iv i?i
vi∗ = 1 +O(3), UeXjXNNV
M/ +QMb2[m2MiHv
v2j∗ − v2i∗ = 2O(3) +O(32) = O(3). UeXjXRyyV
Ry9
h?mb- i?2 Q`/2` Q7 K;MBim/2 Q7 i?2 T`Q/m+i Q7 /Bz2`2M+2b Bb ;Bp2M #v∏
1≤i<j≤N
|ν(v2j∗ − v2i∗)|β =
∏
1≤i<j≤N
|O(ν3)|β = O(ν(1−α)βN(N−1)/2). UeXjXRyRV
h?Bb K2Mb i?i b ν → ∞- i?2 T`Q/m+i Q7 /Bz2`2M+2b i2M/b iQ BM}MBivX
h?2`27Q`2- Bi KF2b b2Mb2 iQ r`Bi2
HBK
ν→∞
E ∝
∫
CB
h(v)
N∏
i=1
∑
zi=±1
δ(vi − zi)
×
∫
CB
2−x2/2t0F (2/β)0
(
(x)2
2t
, (v)2
)
µB(x) /x /v
=
∫
CB
h(v)
N∏
i=1
∑
zi=±1
δ(vi − zi) /v
∫
CB
2−x2/2t0F (2/β)0
(
(x)2
2t
,1
)
µB(x) /x
= h(1)
∫
CB
2−x2/2t0F (2/β)0
(
(x)2
2t
,1
)
µB(x) /x. UeXjXRykV
6`QK 1[bX UkX3V M/ UjXk#V BM (e8)- Bi Bb FMQrM i?i
0F (2/β)0
(
(x)2
2t
,1
)
= 2tT
(
x2
2t
)
, UeXjXRyjV
r?B+? }MHHv ;Bp2b
HBK
ν→∞
E ∝ h(1)
∫
CB
2−x2/2t2x2/2tµB(x) /x = h(1), UeXjXRy9V
Q`- BM i?2 b2Mb2 Q7 /Bbi`B#miBQMb-
HBK
ν→∞
fB(t,
√
βνtv)(βνt)N/2 /v ∝ δ(N)(v − 1) /v. UeXjXRy8V
h?2 T`QTQ`iBQMHBiv +QMbiMi Bb QM2 #2+mb2 #Qi? K2K#2`b Q7 i?2 2tT`2bbBQM
`2 MQ`KHBx2/ iQ QM2 BM CBX !
Ry8
*?Ti2` d
amKK`v Q7 `2bmHib M/ 7mim`2
T`QbT2+ib
AM i?2 T`2b2Mi i?2bBb- i?2 #2?pBQ` Q7 i?2 BMi2`+iBM; "`QrMBM KQiBQMb
M/ "2bb2H T`Q+2bb2b BM i?2 bi2/v bii2 M/ 7`22xBM; `2;BK2b rb BMp2biB;i2/
i?`Qm;? i?2 mb2 Q7 .mMFH QT2`iQ` i?2Q`vX 7i2` i?2 #`B27 `2pB2r Q7 .mMFH
i?2Q`v ;Bp2M BM *?Ti2` k- i?2 +Q``2bTQM/2M+2 #2ir22M i?2 *HQ;2`Q@JQb2`
bvbi2Kb M/ .mMFH T`Q+2bb2b rb T`Qp2/ BM *?Ti2` j US`QTX jXRXRVX h?Bb
+Q``2bTQM/2M+2 b2`p2/ b KQiBpiBQM 7Q` i?2 7+i i?i .mMFH T`Q+2bb2b- 7i2`
;Bp2M M TT`QT`Bi2 b+HBM;- +QMp2`;2 iQ  bi2/v bii2 M/ ?p2  r2HH@
/2}M2/ 7`22xBM; HBKBiX
AM *?Ti2`b 9 M/ 8- i?2 KBM `2bmHib Q7 i?Bb i?2bBb r2`2 T`Qp2/X h?2
}`bi `2bmHi Bb i?i i?2 b+H2/ }MH /Bbi`B#miBQM Q7  .mMFH T`Q+2bb i?i bi`ib
7`QK M BMBiBH /Bbi`B#miBQM rBi? }MBi2 b2+QM/ KQK2Mib rBHH +QMp2`;2 iQ 
bT2+B}+ bi2/v@bii2 /Bbi`B#miBQM Uh?KX 9XkXRVX h?2 b2+QM/ `2bmHi Bb i?i
i?2 b+H2/ }MH /Bbi`B#miBQM Q7  .mMFH T`Q+2bb i?i bi`ib 7`QK M `#Bi``v
BMBiBH /Bbi`B#miBQM 7`22x2b iQ  +QM};m`iBQM i?i Bb ;Bp2M #v i?2 T2F b2i
Q7 i?2 `QQi bvbi2K R BMbiMiM2QmbHv Uh?KX 8XRXRVX h?2 T`QQ7 Q7 i?2b2 `2@
bmHib /2T2M/2/ QM b2p2`H +H+mHiBQMb BMpQHpBM; i?2 BMi2`irBMBM; QT2`iQ`-
BM T`iB+mH` i?2 +iBQM Q7 Vβ QM HBM2` TQHvMQKBHb UG2KK 9XjXRV- M/ QM
i?2 2tTQM2MiBH 7mM+iBQM BM i?2 7`22xBM; HBKBi UG2KK 8XkXeV b r2HH b Qi?2`
TT`QtBKiBQMbX q?BH2  }MBi2 HQr2` #QmM/ rb ;Bp2M 7Q` i?2 iBK2 `2[mB`2/
7Q` .mMFH T`Q+2bb2b iQ +QMp2`;2 iQ i?2 bi2/v bii2- Bi b22Kb i?i i?2`2 Kmbi
#2  #2ii2` 2biBKiBQM Q7 i?2 `2HtiBQM iBK2 BM pB2r Q7 i?2 7+i i?i i?2
7`22xBM; +QM};m`iBQM Bb +?B2p2/ BMbiMiM2QmbHvX h?Bb 7+i bm;;2bib i?i
i?2 `2HtiBQM iBK2 b?QmH/ #2 BMp2`b2Hv T`QTQ`iBQMH iQ i?2 BMp2`b2 i2KT2`@
im`2X h?Bb BKT`Qp2K2Mi QM i?2 2biBKiBQM Q7 i?2 `2HtiBQM iBK2 Bb H27i b
M QT2M T`Q#H2KX
"2+mb2 #Qi? i?2 BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b `2
Rye
T`iB+mH` +b2b Q7 .mMFH T`Q+2bb2b- Bi 7QHHQrb 7`QK h?KbX 9XkXR M/ 8XRXR
i?i i?2b2 irQ bvbi2Kb Q7 BMi2`+iBM; T`iB+H2b ?p2 r2HH@/2}M2/ bi2/v@bii2
M/ 7`22xBM; `2;BK2bX *?Ti2` e rb /2pQi2/ iQ i?2b2 T`iB+mH` +b2bX h?2
BMi2`+iBM; "`QrMBM KQiBQMb +QMp2`;2 iQ  bi2/v bii2 BM r?B+? i?2B` b+H2/
/Bbi`B#miBQM +QBM+B/2b rBi? i?2 β@>2`KBi2 2Mb2K#H2b Q7 `M/QK Ki`B+2b-
M/ 7`22x2 iQ  b+H2/ /Bbi`B#miBQM ;Bp2M #v /2Hi 7mM+iBQMb +2Mi2`2/ i i?2
x2`Q2b Q7 i?2 >2`KBi2 TQHvMQKBHb US`QTX eXRXRVX aBKBH`Hv- i?2 BMi2`+iBM;
"2bb2H T`Q+2bb2b +QMp2`;2 iQ  bi2/v bii2 BM r?B+? i?2B` b+H2/ /Bbi`B#miBQM
+QBM+B/2b rBi? i?2 β@G;m2``2 2Mb2K#H2b Q7 `M/QK Ki`B+2b- M/ 7`22x2 iQ
 b+H2/ /Bbi`B#miBQM ;Bp2M #v /2Hi 7mM+iBQMb +2Mi2`2/ i i?2 x2`Q2b Q7 i?2
G;m2``2 TQHvMQKBHbc BM //BiBQM- BM i?2 HBKBi r?2`2 i?2 "2bb2H BM/2t i2M/b
iQ BM}MBiv Ur?B+?- i`MbHi2/ iQ i?2 .B`+ }2H/ Q7 Z*. +Q``2bTQM/b iQ i?2
+b2 r?2`2 i?2 iQTQHQ;B+H +?`;2 i2M/b iQ BM}MBivV- HH i?2 T`iB+H2b +QMp2`;2
iQ i?2 bK2 b+H2/ TQbBiBQM US`QTX eXRXkVX
S`BQ` iQ i?2 /2`BpiBQM Q7 S`QTbX eXRXR M/ eXRXk- i?2 #2?pBQ` Q7 i?2
BMi2`+iBM; "`QrMBM KQiBQMb M/ "2bb2H T`Q+2bb2b BM i?2 bi2/v@bii2 M/
7`22xBM; `2;BK2b rb bim/B2/ mbBM; MmK2`B+H bBKmHiBQMbX b b2imT 7Q` i?2
T`QQ7 Q7 i?2b2 T`QTQbBiBQMb- i?2 +iBQM Q7 Vβ QM bvKK2i`B+ TQHvMQKBHb rb
/2`Bp2/ BM S`QTX eXkXR- M/ i?2 7`22xBM; HBKBi Q7 i?2 ;2M2`HBx2/ "2bb2H 7mM+@
iBQMb Q7 ivT2 A M/ B rb Q#iBM2/ BM S`QTX eXkXjX "2+mb2 i?2 2tT`2bbBQMb
7Q` i?2 +iBQM Q7 Vβ 7QmM/ BM *?Ti2` e QMHv TTHv iQ bvKK2i`B+ TQHvMQKBHb-
Bi Bb Q7 BMi2`2bi iQ 2tKBM2 Bib +iBQM QM MQM@bvKK2i`B+ TQHvMQKBHbX h?Bb Bb
 T`Q#H2K i?i b?QmH/ #2 i+FH2/ BM i?2 M2` 7mim`2X
h?2 ;2M2`H `2bmHib BM h?KbX 9XkXR M/ 8XRXR +Q``2bTQM/ iQ irQ `2;BK2b
r?2`2 i?2 T`Q##BHBiv /Bbi`B#miBQM Q7 i?2 T`Q+2bb Bb #HM+2/ BM bm+?  rv
i?i i?2 T`Q##BHBiv i?i i?2 .mMFH T`Q+2bb Bb BM QM2 T`iB+mH` q2vH +?K#2`
Bb 2p2MHv /Bbi`B#mi2/ KQM; i?2 +?K#2`bX h?Bb K2Mb i?i i?2 T`Q+2bb
/2MbBiv Bb BMp`BMi mM/2` `2~2+iBQMb HQM; α ∈ R- M/ i?2 BM7Q`KiBQM #Qmi
i?2 DmKTb Bb HQbiX Ai Bb Q7 ;`2i BMi2`2bi iQ bim/v i?2 T?vbB+H Mim`2 Q7 i?2
DmKTb T2`7Q`K2/ #v .mMFH T`Q+2bb2b M/ i?2B` 2z2+i QM i?2 `2HtiBQM iQ i?2
bi2/v bii2- r?B+? Bb  T`Q#H2K i?i ?b MQi #22M bQHp2/ v2iX AM T`iB+mH`-
Bi Bb Q7 BMi2`2bi iQ b22 B7 i?2 #2?pBQ` Q7 i?2 DmKTb BM .mMFH T`Q+2bb2b ?b 
`2HiBQMb?BT rBi?  T?vbB+H T?2MQK2MQMX
AM //BiBQM- i?2 MmK2`B+H `2bmHib 7`QK *?Ti2` e U6B;bX eXRXk M/ eXRX9
BM T`iB+mH`V b22K iQ bm;;2bi i?2 2tBbi2M+2 Q7  i`MbBiBQM 7`QK  /BbQ`/2`2/
iQ M Q`/2`2/ T?b2 b β → ∞X >Qr2p2`- BM Q`/2` iQ p2`B7v i?2 2tBbi2M+2
Q7  T?b2 i`MbBiBQM i?2 +H+mHiBQM Q7 Qi?2` T?vbB+HHv `2H2pMi [mMiBiB2b
U2X;X- +Q``2HiBQM 7mM+iBQMbV Bb `2[mB`2/X "2+mb2 i?2 BMi2`irBMBM; QT2`iQ`
Bb `2bTQMbB#H2 7Q` i?2 iBK2 2pQHmiBQM Q7 .mMFH T`Q+2bb2b- i?2 +H+mHiBQM Q7
+Q``2HiBQMb BM 2[mBHB#`BmK b?QmH/ `2[mB`2 /Bz2`2Mi i2+?MB[m2b 7`QK i?2 QM2b
mb2/ BM i?Bb rQ`FX >Qr2p2`- i?2 `2bmHib `2Hi2/ iQ i?2 BMi2`irBMBM; QT2`@
Ryd
iQ` Q#iBM2/ ?2`2 QT2M i?2 TQbbB#BHBiv Q7 bim/vBM; /vMKB+H M/ KmHiB@iBK2
+Q``2HiBQMb 7Q` i?2b2 T`Q+2bb2bX b  +QMb2[m2M+2- 7m`i?2` bim/v Q7 i?2 BMi2`@
irBMBM; QT2`iQ` Bb 2bb2MiBH iQ BMp2biB;i2 r?2i?2` i?2b2 T`Q+2bb2b mM/2`;Q
T?b2 i`MbBiBQMb Qmi Q7 2[mBHB#`BmKX h?Bb Bb MQi?2` iQTB+ i?i ?b MQi #22M
//`2bb2/ M/ i?i r2 rQmH/ HBF2 iQ bim/v b  +QMiBMmiBQM Q7 i?Bb rQ`FX
6BMHHv- Bi Bb rQ`i? MQiBM; i?i i?2 BMi2`+iBM; T`iB+H2 bvbi2Kb bim/B2/
?2`2 b22K iQ ?p2 HBiiH2 `2HiBQMb?BT rBi? +imH 2tT2`BK2MibX "2+mb2 BM
i?2 T`2b2Mi KQbi Q7 i?2 TTHB+iBQMb Q7 `M/QK Ki`Bt i?2Q`v +Q``2bTQM/ iQ
2Mb2K#H2b r?2`2 β = 2- Bi Bb MQi mMHBF2Hv i?i KMv Qi?2` TQbbB#H2 TTHB+@
iBQMb ?p2 #22M Qp2`HQQF2/ #2+mb2 i?2 M2+2bb`v iQQHb 7Q` i?2 bim/v Q7 +b2b
r?2`2 β > 0 `2 BM+QKTH2i2X >QT27mHHv- i?Bb rQ`F rBHH #2  bi2TTBM; biQM2
iQr`/b  #2ii2` mM/2`biM/BM; Q7 i?2 KQ/2Hb i`2i2/ ?2`2 7Q` β > 0- M/
iQr`/b }M/BM; Qmi r?i KF2b i?2 +b2b β = 2 bQ bT2+BH #Qi? BM i2`Kb Q7
i?2B` TTHB+iBQMb BM T?vbB+b M/ Q7 i?2B` Ki?2KiB+H T`QT2`iB2bX
Ry3
TT2M/Bt 
S`QQ7 Q7 i?2 F2`M2H@`2T`Q/m+BM;
7Q`KmH
h?2 Q#D2+iBp2 Q7 i?Bb TT2M/Bt Bb iQ ;Bp2  T`QQ7 Q7 i?2 BMi2;`H UkX8X3V-
7QHHQrBM; (ee)- (d9) M/ (Nd)X h?Bb 7Q`KmH `2[mB`2b i?2 T`QQ7 Q7 b2p2`H 7+ib-
bQ i?2 }`bi b2+iBQM Bb +QM+2`M2/ rBi? i?2 iQQHb M2+2bb`v 7Q` i?2 T`QQ7X h?2
+imH T`QQ7 Q7 i?2 7Q`KmH Bb ;Bp2M BM i?2 b2+QM/ b2+iBQMX
XR S`2T`iBQMb
h?2 }`bi iQQH `2[mB`2/ 7Q` i?2 T`QQ7 Bb i?2 BMM2` T`Q/m+i #2ir22M TQHv@
MQKBHb FMQrM b i?2 6Bb+?2` T`Q/m+i- r?B+? Bb /2}M2/ b 7QHHQrbX *QMbB/2`
irQ TQHvMQKBHb Q7 N p`B#H2b- p(x) M/ q(x)X h?2 2tT`2bbBQM p(∇) /2@
MQi2b i?2 QT2`iQ` i?i Bb Q#iBM2/ #v `2TH+BM; i?2 +QQ`/BMi2b {xi}1≤i≤N
rBi? i?2B` T`iBH /2`BpiBp2b {∂/∂xi}1≤i≤N X h?2 6Bb+?2` T`Q/m+i Bb /2}M2/
b
(p, q)0 := p(∇)q(x)|x=0. UXRXRV
LQi2 i?i KQMQKBHb `2 Q`i?Q;QMH mM/2` i?Bb T`Q/m+i- #2+mb2 i?2 2tT`2b@
bBQM
N∏
i=1
∂λi
∂xλii
xµii
∣∣∣
x=0
UXRXkV
pMBb?2b mMH2bb i?2 KmHiB@BM/B+2b λ M/ µ `2 2[mHX h?2`27Q`2- i?Bb T`Q/m+i
Bb bvKK2i`B+- BX2X-
(p, q)0 = (q, p)0. UXRXjV
Ai 7QHHQrb i?i i?2 6Bb+?2` T`Q/m+i Q7 ?QKQ;2M2Qmb TQHvMQKBHb Q7 /Bz2`2Mi
/2;`22b Bb 2[mH iQ x2`QX
RyN
.2MQi2 i?2 .mMFH ;`/B2Mi #v T = (T1, . . . , TN)T X h?2 .mMFH ;2M2`HBx@
iBQM Q7 i?2 6Bb+?2` T`Q/m+i Bb ;Bp2M #v
(p, q)β := p(T )q(x)|x=0. UXRX9V
GBF2 i?2 6Bb+?2` T`Q/m+i Q7 1[X UXRXRV- i?Bb 6Bb+?2` T`Q/m+i Bb bvKK2i`B+-
M/ ?QKQ;2M2Qmb TQHvMQKBHb Q7 /Bz2`2Mi /2;`22b `2 Q`i?Q;QMH mM/2` BiX
M BKTQ`iMi T`QT2`iv Q7 i?Bb T`Q/m+i Bb i?i- /2MQiBM; i?2 ji? i2`K Q7
i?2 hvHQ` 2tTMbBQM Q7 i?2 2tTQM2MiBH 2tT(x · y) #v
E(j)(x,y) :=
(x · y)j
j!
, UXRX8V
QM2 ?b i?i 7Q` Mv ?QKQ;2M2Qmb TQHvMQKBH p(x) Q7 /2;`22 n- i?2 2tT`2bbBQM
(VβE
(n)(x, ·), p)β = p(x) UXRXeV
?QH/bX hQ T`Qp2 i?Bb- Vβ Kmbi #2 b?QrM iQ #2 QM2@iQ@QM2X h?Bb 7+i 7QHHQrb
7`QK i?2 2tBbi2M+2 Q7 Bib BMp2`b2- r?B+? Bb ;Bp2M #v
Uβf(x) := 2tT(x · T (y))f(y)|y=0 UXRXdV
7Q` M `#Bi``v MHviB+H 7mM+iBQM f(x)X h?2 bmT2`b+`BTi (y) BM/B+i2b i?2
p`B#H2 +i2/ mTQM r?2M2p2` +QM7mbBQMb Kv `Bb2X hQ T`Qp2 i?i Uβ Bb i?2
BMp2`b2 Q7 Vβ- Bi bm{+2b iQ p2`B7v i?i Uβ biBb}2b i?2 2[miBQM
∂
∂xi
Uβf(x) =
∂
∂xi
2tT(x · T (y))f(y)|y=0 = 2tT(x · T (y))T (y)i f(y)|y=0
= Uβ[Tif(x)]. UXRX3V
h?Bb Bb i?2 BMp2`b2 Q7 1[X UkX9XRV- K2MBM; i?i
UβVβf(x) = VβUβf(x) = f(x). UXRXNV
*QMb2[m2MiHv- Vβ Bb QM2@iQ@QM2- M/ Uβ Bb HBM2` M/ T`2b2`p2b i?2 /2;`22 Q7
?QKQ;2M2Qmb TQHvMQKBHbX
LQr- i?2 hvHQ` 2tTMbBQM Q7  7mM+iBQM f(x) i i?2 TQBMi y +M #2
r`Bii2M b 7QHHQrb,
f(x) = 2tT[x ·∇(y)]f(y). UXRXRyV
6Q` i?2 ?QKQ;2M2Qmb TQHvMQKBH p(x)- i?Bb #2+QK2b
p(x) = E(n)(x,∇(y))p(y). UXRXRRV
RRy
TTHvBM; V (y)β M/ i?2M V (x)β QM #Qi? bB/2b ;Bp2b
V (x)β p(x) = V
(x)
β E
(n)(x,T (y))V (y)β p(y). UXRXRkV
"2+mb2 Vβ Bb QM2@iQ@QM2- QM2 Kv `2TH+2 Vβp(x) rBi? M `#Bi``v ?QKQ;2@
M2Qmb TQHvMQKBH- bv- q(x)X HbQ- i?Bb 2[miBQM Bb pHB/ 7Q` Mv y- bQ iFBM;
y = 0 ;Bp2b
q(x) = V (x)β E
(n)(x,T (y))q(y)|y=0 = (VβE(n)(x, ·), q)β, UXRXRjV
b +HBK2/X
h?2 b2+QM/ iQQH `2[mB`2/ 7Q` i?2 T`QQ7 Q7 1[X UkX8X3V Bb i?2 7QHHQrBM; i?2@
Q`2K /m2 iQ .mMFH U(ee)- h?KX jXRyVX >2`2- ∆β /2MQi2b i?2 .mMFH GTH+BM∑N
i=1 T
2
i X
S`QTQbBiBQM XRXRX 6Q` `#Bi``v TQHvMQKBHb p(x) M/ q(x)- i?2 6Bb+?2`
T`Q/m+i UXRX9V +M #2 r`Bii2M b
(p, q)β =
1
cβ
∫
RN
[2−∆β/2p(x)][2−∆β/2q(x)]2−x2/2wβ(x) /x. UXRXR9V
S`QQ7X h?2 T`QQ7 Q7 i?Bb T`QTQbBiBQM Bb MQi i HH i`BpBH- M/ i?2 }`bi T`QQ7
;Bp2M #v .mMFH Bb `i?2` HQM; M/ i2+?MB+HX h?2 bBKTH2` M/ b?Q`i2` T`QQ7
/m2 iQ /2 C2m U(Nd)- T;2b 9kjy@9kjRV rBHH #2 7QHHQr2/ ?2`2X h?2 +QMi2Mi
7`QK i?Bb TQBMi mMiBH 1[X UXRXjyV +QM+2`Mb b2p2`H `2HiBQMb?BTb i?i rBHH #2
M2+2bb`v 7Q` i?2 T`QQ7X
6B`bi- H2i mb b?Qr i?i- 7Q` f(x)  `TB/Hv /2+`2bBM; 7mM+iBQM i BM}MBiv
M/ g(x)  +QMiBMmQmb- #QmM/2/ M/ /Bz2`2MiB#H2 7mM+iBQM- M/ 7Q` HH i =
1, . . . , N -∫
RN
[Tif(x)]g(x)wβ(x) /x = −
∫
RN
f(x)[Tig(x)]wβ(x) /x. UXRXR8V
h?2 BMi2;`H QM i?2 HX?XbX ;Bp2b∫
RN
[Tif(x)]g(x)wβ(x) /x
=
∫
RN
[ ∂
∂xi
f(x) +
β
2
∑
α∈R+
αiκ(α)
f(x)− f(σαx)
α · x
]
g(x)wβ(x) /x. UXRXReV
h?2 /2`BpiBp2 i2`K +M #2 i`2i2/ #v BMi2;`iBM; #v T`ib,∫
RN
[ ∂
∂xi
f(x)
]
g(x)wβ(x) /x = −
∫
RN
f(x)
[ ∂
∂xi
[g(x)wβ(x)]
]
/x
= −
∫
RN
f(x)
[
wβ(x)
∂
∂xi
g(x) + wβ(x)g(x)β
∑
α∈R+
αiκ(α)
α · x
]
/x, UXRXRdV
RRR
r?2`2
∂
∂xi
wβ(x) = wβ(x)β
∑
α∈R+
αiκ(α)
α · x . UXRXR3V
lbBM; i?2 bm#biBimiBQM x′ = σαx- i?2 /Bz2`2M+2 i2`K #2+QK2b
β
2
∑
α∈R+
αiκ(α)
∫
RN
[f(x)− f(σαx)
α · x
]
g(x)wβ(x) /x =
β
2
∑
α∈R+
αiκ(α)
[ ∫
RN
f(x)g(x)wβ(x)
α · x /x−
∫
RN
f(σαx)g(x)wβ(x)
α · x /x
]
=
β
2
∑
α∈R+
αiκ(α)
[ ∫
RN
f(x)g(x)wβ(x)
α · x /x+
∫
RN
f(x)g(σαx)wβ(x)
α · x /x
]
.
UXRXRNV
AM i?2 Hbi HBM2- x′ ?b #22M r`Bii2M b x 7Q` bBKTHB+BivX HbQ- i?2 7+i
i?i wβ(σαx) = wβ(x) ?b #22M mb2/- M/ i?2 C+Q#BM 7Q` i?Bb p`B#H2
bm#biBimiBQM Bb 2[mH iQ R #2+mb2 i?2 `2~2+iBQM QT2`iQ` σα Bb `2T`2b2Mi2/
#v M Q`i?Q;QMH Ki`BtX //BM; i?2 /2`BpiBp2 M/ i?2 /Bz2`2M+2 i2`Kb-
vB2H/b i?2 /2bB`2/ `2bmHiX
h?2 b2+QM/ bi2T Bb iQ T`Qp2 i?2 7QHHQrBM; +QKKmiiBQM `2HiBQM,[
xi,
1
2
∆β
]
f(x) =
xi
2
∆βf(x)− 1
2
∆β[xif(x)] = −Tif(x) UXRXkyV
7Q` i = 1, . . . , N. 6`QK bBKTH2 +H+mHiBQMb QM2 +M Q#iBM i?2 7QHHQrBM; `2H@
iBQMb,
α ·∇[xif(x)] = αif(x) + xiα ·∇f(x), UXRXkRV
1
2
∆[xif(x)] =
∂
∂xi
f(x) +
xi
2
∆f(x), UXRXkkV
α2
2
(1− σα)[xif(x)]
(α · x)2 = xi
α2
2
(1− σα)f(x)
(α · x)2 + αi
f(σαx)
α · x . UXRXkjV
1[miBQM UkXkXeV +QK#BM2/ rBi? i?2 i?`22 T`2pBQmb 2tT`2bbBQMb ;Bp2b
1
2
∆β[xif(x)] =
∂
∂xi
f(x) +
xi
2
∆f(x)
+
β
2
∑
α∈R+
κ(α)
[
αi
f(x)
α · x + xi
α ·∇f(x)
(α · x) − xi
α2
2
(1− σα)f(x)
(α · x)2 − αi
f(σαx)
α · x
]
= Tif(x) +
xi
2
∆βf(x), UXRXk9V
RRk
r?B+? Bb i?2 /2bB`2/ `2bmHiX
 +QMb2[m2M+2 Q7 i?Bb +QKKmiiBQM `2HiBQM Bb i?i
[xi, 2−∆β/2] = Ti2−∆β/2. UXRXk8V
h?Bb Bb #2+mb2- mbBM; i?2 `2HiBQM [xi,∆β/2] = −Ti M/ i?2 Ki?2KiB+H
BM/m+iBQM K2i?Q/ QM n- Bi +M #2 T`Qp2/ i?i[
xi,
(∆β
2
)n]
= −nTi
(∆β
2
)n−1
. UXRXkeV
hFBM; i?2 bmK ∑∞n=0(−1)n(n!)−1 QM #Qi? bB/2b vB2H/b[
xi,
∞∑
n=0
1
n!
(
− ∆β
2
)n]
= Ti
∞∑
n=1
1
(n− 1)!
(
− ∆β
2
)n−1
, UXRXkdV
r?B+? ;Bp2b i?2 +HBK2/ `2bmHiX
lbBM; 1[X UXRXk8V- i?2 7QHHQrBM; mb27mH `2HiBQMb?BT +M #2 /2`Bp2/,
Ti[2−x2/2(2−∆β/2p(x))] = Ti(2−x2/2)[2−∆β/2p(x)] + 2−x2/2Ti[2−∆β/2p(x)]
= −xi2−x2/2[2−∆β/2p(x)] + 2−x2/2Ti[2−∆β/2p(x)]
= −2−x2/2{2−∆β/2[xip(x)] + Ti2−∆β/2p(x)}+ 2−x2/2Ti[2−∆β/2p(x)]
= −2−x2/22−∆β/2[xip(x)]. UXRXk3V
h?2 }`bi HBM2 7QHHQrb 7`QK 1[X UkXkX9V M/ i?2 7+i i?i 2−x2/2 BbW @BMp`BMi-
M/ i?2 i?B`/ HBM2 7QHHQrb 7`QK 1[X UXRXk8VX b  }MH T`2T`iBQM- H2i
mb +QMbB/2` i?2 +b2 r?2`2 q(x) Bb ?QKQ;2M2Qmb M/ p(x) Bb M `#Bi``v
TQHvMQKBHX h?2M- `2TH+BM; x 7Q` T BM q(x) M/ mbBM; 1[X UXRXk3V- Bi
7QHHQrb i?i
q(T )[2−x2/2(2−∆β/2p(x))] = (−1)/2; q2−x2/22−∆β/2[p(x)q(x)], UXRXkNV
M/ BM T`iB+mH`- r?2M p(x) = 1-
q(T )2−x2/2 = (−1)/2; q2−x2/22−∆β/2q(x). UXRXjyV
h?2 +imH T`QQ7 Bb b 7QHHQrbX *QMbB/2` MQr i?2 7QHHQrBM; BMi2;`H 7Q`
irQ `#Bi``v TQHvMQKBHb p(x) M/ q(x),
Mβ(p, q) = 1
cβ
∫
RN
[2−∆β/2p(x)][2−∆β/2q(x)]2−x2/2wβ(x) /x. UXRXjRV
RRj
G2i mb b?Qr i?i Bib pHm2 +QBM+B/2b rBi? (p, q)β r?2M p(x) = 1X PM QM2
?M/- #v /2}MBiBQM-
(1, q)β = q(0). UXRXjkV
PM i?2 Qi?2` ?M/- 7Q` q(x) ?QKQ;2M2Qmb-
Mβ(1, q) = 1
cβ
∫
RN
[2−∆β/2q(x)]2−x2/2wβ(x) /x
=
1
cβ
∫
RN
(−1)/2; q[q(T (x))2−x2/2]wβ(x) /x, UXRXjjV
/m2 iQ 1[X UXRXjyVX h?Bb BMi2;`H +M #2 2tT`2bb2/ b  .mMFH i`Mb7Q`K-
E(ξ) = 1
cβ
∫
RN
[Vβ2−Bx·ξ](−1)/2; q[q(T (x))2−x2/2]wβ(x) /x, UXRXj9V
2pHmi2/ i ξ = 0. h?Bb 7mM+iBQM +M #2 i`Mb7Q`K2/ b 7QHHQrb,
E(ξ) = 1
cβ
∫
RN
[q(T (x))Vβ2−Bx·ξ]2−x2/2wβ(x) /x
=
1
cβ
∫
RN
[q(−Bξ)Vβ2−Bx·ξ]2−x2/2wβ(x) /x. UXRXj8V
h?2 }`bi 2[mHBiv 7QHHQrb 7`QK 1[X UXRXR8V- M/ i?2 b2+QM/ 7QHHQrb 7`QK i?2
/2}MBiBQM Q7 i?2 .mMFH F2`M2HX a2iiBM; ξ = 0 ;Bp2b
Mβ(1, q) = E(0) = q(0)
cβ
∫
RN
2−x2/2wβ(x) /x = q(0). UXRXjeV
h?2 Hbi 2[mHBiv Bb /m2 iQ i?2 /2}MBiBQM Q7 cβX h?Bb 2[miBQM +M #2 2ti2M/2/
iQ MQM@?QKQ;2M2Qmb TQHvMQKBHb #2+mb2Mβ(p, q) Bb #BHBM2`X h?2`27Q`2- 7Q`
`#Bi``v q(x)-
Mβ(1, q) = (1, q)β = q(0). UXRXjdV
h?2 T`Q/m+i (p, q)β ?b i?2 7QHHQrBM; T`QT2`iv #v /2}MBiBQM, b2iiBM;
ri(x) = xip(x)- QM2 ?b
(ri, q)β = ri(T
(y))q(y)|y=0 = p(T (y))T (y)i q(y)|y=0 = (p, Tiq)β. UXRXj3V
h?Bb K2Mb i?i- #2+mb2 (p, q)β Bb #BHBM2`-
(p, q)β = (1, p(T )q)β UXRXjNV
RR9
7Q` `#Bi``v TQHvMQKBHb p(x) M/ q(x)X h?2 BMi2;`HMβ(p, q) b?`2b i?Bb
T`QT2`iv,
Mβ(ri, q) = 1
cβ
∫
RN
{2−∆β/2[xip(x)]}[2−∆β/2q(x)]2−x2/2wβ(x) /x
=
1
cβ
∫
RN
{−Ti[2−x2/2(2−∆β/2p(x))]}[2−∆β/2q(x)]wβ(x) /x
=
1
cβ
∫
RN
2−x2/2[2−∆β/2p(x)]{Ti[2−∆β/2q(x)]}wβ(x) /x
= Mβ(p, Tiq). UXRX9yV
h?2 b2+QM/ HBM2 `2[mB`2b 1[X UXRXk3V- r?BH2 i?2 i?B`/ HBM2 7QHHQrb 7`QK
1[X UXRXR8VX PM+2 KQ`2- /m2 iQ i?2 #BHBM2`Biv Q7Mβ(p, q)- QM2 +M r`Bi2
Mβ(p, q) = Mβ(1, p(T )q), UXRX9RV
7Q` Mv TQHvMQKBHb p(x) M/ q(x)X h?2M- Bi 7QHHQrb i?i
Mβ(p, q) = Mβ(1, p(T )q) = (1, p(T )q)β = (p, q)β UXRX9kV
/m2 iQ 1[X UXRXjdV- T`QpBM; i?2 bii2K2MiX
Xk S`QQ7
*QMbB/2` MQr i?2 2tTMbBQM iQ ni? Q`/2` Q7 i?2 .mMFH F2`M2H Vβ2x·y,
L(n)β (x,y) :=
n∑
j=0
1
j!
Vβ(x · y)j. UXkXRV
6Q` M `#Bi``v TQHvMQKBH p(x) Q7 /2;`22 m ≤ n- S`QTX XRXR ;Bp2b
(L(n)β (y, ·), p)β =
1
cβ
∫
RN
[2−∆β/2L(n)β (x,y)][2−∆β/2p(x)]2−x
2/2wβ(x) /x
= p(y) UXkXkV
#v 1[X UXRXRjVX h?2M- QM2 ?b
−∆β
2
L(n)β (x,y) = −
y2
2
L(n−2)β (x,y). UXkXjV
hFBM; i?2 HBKBi n→∞ vB2H/b
HBK
n→∞
2−∆β/2L(n)β (x,y) = 2−y
2/2Vβ2x·y, UXkX9V
RR8
r?B+? BM im`M ;Bp2b
p(y) =
1
cβ
∫
RN
[2−y2/2Vβ2x·y][2−∆β/2p(x)]2−x2/2wβ(x) /x. UXkX8V
a2iiBM; p(x) = L(m)β (x, z) M/ iFBM; i?2 HBKBi m→∞ ;Bp2b
Vβ2y·z = 1
cβ
∫
RN
[2−y2/2Vβ2x·y][2−z2/2Vβ2x·z]2−x2/2wβ(x) /x. UXkXeV
JQpBM; i?2 :mbbBMb Q7 y M/ z iQ i?2 HX?XbX vB2H/b 1[X UkX8X3VX !
RRe
"B#HBQ;`T?v
(R) 1X SX qB;M2`- ǳ*?`+i2`BbiB+ p2+iQ`b Q7 #Q`/2`2/ Ki`B+2b rBi? BM}MBi2
/BK2MbBQMb-Ǵ MMHb Q7 Ji?2KiB+b- pQHX ek- MQX j- TTX 893Ĝ8e9- RN88X
(k) PX "Q?B;b M/ >X X q2B/2MKɃHH2`- ǳ>BbiQ`v @ M Qp2`pB2r-Ǵ BM h?2
Pt7Q`/ >M/#QQF Q7 `M/QK Ki`Bt i?2Q`v U:X F2KMM- CX "BF- M/
SX .B 6`M+2b+Q- 2/bXV- Pt7Q`/ lMBp2`bBiv S`2bb- kyRRX
(j) SX .B 6`M+2b+Q- SX :BMbT`;- M/ CX wBMM@CmbiBM- ǳk@. :`pBiv M/
`M/QK Ki`B+2b-Ǵ S?vbX _2TiX- pQHX k89- MQX R- RNN8X
(9) _X .BDF;`7 M/ *X o7- ǳJi`Bt KQ/2Hb- iQTQHQ;B+H bi`BM;b M/ bm@
T2`bvKK2i`B+ ;m;2 i?2Q`B2b-Ǵ Lm+HX S?vbX "- pQHX e99- MQX j- kyykX
(8) X EH2KK- JX J`BƢQ- M/ aX h?2Bb2M- ǳ:`pBiiBQMH +Q``2+iBQMb BM
bmT2`bvKK2i`B+ ;m;2 i?2Q`v M/ Ki`Bt KQ/2Hb-Ǵ C>1S- pQHX yjyj-
MQX y8R- kyyjX
(e) JX J`BƢQ- ǳ*?2`M@aBKQMb i?2Q`v- Ki`Bt BMi2;`Hb- M/ T2`im`#iBp2
i?`22@KMB7QH/ BMp`BMib-Ǵ *QKKX Ji?X S?vbX- pQHX k8j- MQX k8- kyy9X
(d) :X Ƕi >QQ7i- ǳ irQ@/BK2MbBQMH KQ/2H 7Q` K2bQMb-Ǵ Lm+HX S?vbX "-
pQHX d8- MQX 9eR- RNd9X
(3) 1X "`ûxBM- *X AixvFbQM- :X S`BbB- M/ CX wm#2`- ǳSHM` /B;`Kb-Ǵ
*QKKX Ji?X S?vbX- pQHX 8N- MQX j8- RNd3X
(N) CX o2`#`b+?Qi M/ hX q2iiB;- ǳ_M/QK Ki`Bt i?2Q`v M/ +?B`H bvK@
K2i`v BM Z*.-Ǵ MMX _2pX Lm+HX S`iX a+BX- pQHX 8y- MQX j9j- kyyyX
(Ry) uX AK`v- ǳ+iBp2 i`MbKBbbBQM +?MM2Hb M/ mMBp2`bH +QM/m+iM+2 ~m+@
imiBQMb-Ǵ 1m`QT?vbX G2iiX- pQHX R- MQX k9N- RN3eX
(RR) "X Hib?mH2` M/ "X a?FHQpbFBœ- ǳ_2TmHbBQM Q7 2M2`;v H2p2Hb M/ +QM@
/m+iBpBiv Q7 bKHH K2iH bKTH2b-Ǵ aQpX S?vbX C1hS- pQHX e9- MQX Rkd-
RN3eX
RRd
(Rk) *X "22MFF2`- ǳ_M/QK@Ki`Bt i?2Q`v Q7 [mMimK i`MbTQ`i-Ǵ _2pX
JQ/X S?vbX- pQHX eN- MQX djR- RNNdX
(Rj) GX :Q`FQp M/ :X 1HBb?#2`;- ǳJBMmi2 K2iHHB+ T`iB+H2b BM M 2H2+i`Q@
K;M2iB+ }2H/-Ǵ aQpX S?vbX C1hS- pQHX kR- MQX N9y- RNe8X
(R9) _X .2MiQM- "X JɃ?Hb+?H2;2H- M/ .X a+HTBMQ- ǳ1H2+i`QMB+ ?2i +T+Biv
M/ bmb+2TiB#BHBiv Q7 bKHH K2iH T`iB+H2b-Ǵ S?vbX _2pX G2iiX- pQHX ke-
MQX dyd- RNdRX
(R8) uX 6vQ/Q`Qp M/ >X aQKK2`b- ǳaiiBbiB+b Q7 `2bQMM+2 TQH2b- T?b2@b?B7ib
M/ iBK2 /2Hvb BM [mMimK +?QiB+ b+ii2`BM;-Ǵ CX Ji?X S?vbX- pQHX j3-
MQX RNR3- RNNdX
(Re) SX X J2HHQ- SX S2`2v`- M/ LX EmK`- ǳJ+`Qb+QTB+ TT`Q+? iQ KmH@
iB+?MM2H /BbQ`/2`2/ +QM/m+iQ`b-Ǵ MMX S?vbX- pQHX R3R- MQX kNy- RN33X
(Rd) *X "22MFF2`- ǳh?2`KH `/BiBQM M/ KTHB}2/ bTQMiM2Qmb 2KBbbBQM
7`QK  `M/QK K2/BmK-Ǵ S?vbX _2pX G2iiX- pQHX 3R- MQX R3kN- RNN3X
(R3) aX JDmK/`- PX "Q?B;b- M/ X GFb?KBM`vM- ǳ1t+i KBMBKmK
2B;2MpHm2 /Bbi`B#miBQM Q7 M 2MiM;H2/ `M/QK Tm`2 bii2-Ǵ CX aiiX
S?vbX- pQHX RjR- MQX jj- kyy3X
(RN) X SX a+?Mv/2`- aX _vm- X 6m`mbFB- M/ X Gm/rB;- ǳ*HbbB}+iBQM Q7
iQTQHQ;B+H BMbmHiQ`b M/ bmT2`+QM/m+iQ`b BM i?`22 bTiBH /BK2MbBQMb-Ǵ
S?vbX _2pX "- pQHX d3- MQX RN8Rk8- kyy3X
(ky) SX@:X /2 :2MM2b- ǳaQHm#H2 KQ/2H 7Q` }#`Qmb bi`m+im`2b rBi? bi2`B+ +QM@
bi`BMib-Ǵ CX *?2KX S?vbX- pQHX 93- MQX kk8d- RNe3X
(kR) CX qX 1bbK M/ X CX :miiKMM- ǳoB+BQmb rHF2`b M/ /B`2+i2/ TQHv@
K2` M2irQ`Fb BM ;2M2`H /BK2MbBQM-Ǵ S?vbX _2pX 1- pQHX 8k- MQX 839N-
RNN8X
(kk) EX CQ?MbbQM- ǳa?T2 ~m+imiBQMb M/ `M/QK Ki`B+2b-Ǵ *QKKX Ji?X
S?vbX- pQHX kyN- MQX 9jd- kyyyX
(kj) CX "BF- SX .2B7i- M/ EX CQ?MbbQM- ǳPM i?2 /Bbi`B#miBQM Q7 i?2 H2M;i? Q7
i?2 HQM;2bi BM+`2bBM; bm#b2[m2M+2 Q7 `M/QK T2`KmiiBQMb-Ǵ CX K2`X
Ji?X aQ+X- pQHX Rk- MQX RRRN- RNNNX
(k9) JX S` ?Q72` M/ >X aTQ?M- ǳlMBp2`bH /Bbi`B#miBQMb 7Q` ;`Qri? T`Q+2bb2b
BM 1 + 1 /BK2MbBQMb M/ `M/QK Ki`B+2b-Ǵ S?vbX _2pX G2iiX- pQHX 39-
MQX 933k- kyyyX
RR3
(k8) CX "BF M/ 1X JX _BMb- ǳh?2 bvKTiQiB+b Q7 KQMQiQM2 bm#b2[m2M+2b
Q7 BMpQHmiBQMb-Ǵ .mF2 Ji?X CX- pQHX RyN- MQX ky8- kyyRX
(ke) hX abKQiQ- ǳaTiBH +Q``2HiBQMb Q7 i?2 R. ESw bm`7+2 QM  ~i
bm#bi`i2-Ǵ CX S?vbX , Ji?X :2MX- pQHX j3- MQX G89N- kyy8X
(kd) PX "Q?B;b- JX CX :BMMQMB- M/ *X a+?KBi- ǳ*?`+i2`BxiBQM Q7 +?QiB+
[mMimK bT2+i` M/ mMBp2`bHBiv Q7 H2p2H ~m+imiBQM Hrb-Ǵ S?vbX _2pX
G2iiX- pQHX 8k- MQX R- RN39X
(k3) JX *X :mixrBHH2`- *?Qb BM *HbbB+H M/ ZmMimK J2+?MB+bX aT`BM;2`
L2r uQ`F- RNNyX
(kN) 6X >F2- ZmMimK aB;Mim`2b Q7 *?QbX aT`BM;2` "2`HBM- kyRyX
(jy) X JX hmHBMQ M/ aX o2`/ȹ- ǳ_M/QK Ki`Bt i?2Q`v M/ rB`2H2bb +QK@
KmMB+iBQMb-Ǵ 6QmM/iBQMb M/ h`2M/b BM *QKKmMB+iBQMb M/ AM7Q`@
KiBQM h?2Q`v- pQHX R- MQX R- kyy9X
(jR) JX SQii2`b- CX@SX "Qm+?m/- M/ GX GHQmt- ǳ6BMM+BH TTHB+iBQMb Q7
`M/QK Ki`Bt i?2Q`v, PH/ H+2b M/ M2r TB2+2b-Ǵ +i S?vbX SQHX "-
pQHX je- MQX kded- kyy8X
(jk) 1X _Bpb M/ aX _X 1//v- ǳ /vMKB+ T`Q;`KKBM; H;Q`Bi?K 7Q` _L
bi`m+im`2 T`2/B+iBQM BM+Hm/BM; Tb2m/QFMQib-Ǵ CX JQHX "BQHX- pQHX k38-
MQX ky8j- RNNNX
(jj) EX X hF2m+?B M/ JX aMQ- ǳlMBp2`bH ~m+imiBQMb Q7 ;`QrBM; BMi2`@
7+2b, 1pB/2M+2 BM im`#mH2Mi HB[mB/ +`vbiHb-Ǵ S?vbX _2pX G2iiX- pQHX Ry9-
MQX kjyeyR- kyRyX
(j9) JX GX J2?i- _M/QK Ji`B+2bX 1Hb2pB2`- kyy9X
(j8) 6X CX .vbQM- ǳh?2 h?`227QH/ qvX H;2#`B+ ai`m+im`2 Q7 avKK2i`v
:`QmTb M/ 1Mb2K#H2b BM ZmMimK J2+?MB+b-Ǵ CX Ji?X S?vbX- pQHX j-
MQX e- TTX RRNNĜRkR8- RNekX
(je) CX qBb?`i- ǳh?2 :2M2`HBb2/ S`Q/m+i JQK2Mi .Bbi`B#miBQM BM aKTH2b
7`QK  LQ`KH JmHiBp`Bi2 SQTmHiBQM-Ǵ "BQK2i`BF- pQHX ky- TTX jkĜ
8k- RNk3X
(jd) JX _X wB`M#m2`- ǳ_B2KMMBM bvKK2i`B+ bmT2`bT+2b M/ i?2B` Q`B;BM
BM `M/QK Ki`Bt i?2Q`v-Ǵ CX Ji?X S?vbX- pQHX jd- MQX 9N3e- RNNeX
RRN
(j3) X HiHM/ M/ JX _X wB`M#m2`- ǳLQMbiM/`/ bvKK2i`v +Hbb2b BM
K2bQb+QTB+ MQ`KH@bmT2`+QM/m+iBM; ?v#`B/ bi`m+im`2b-Ǵ S?vbX _2pX "-
pQHX 88- MQX k- TX RR9k- RNNdX
(jN) 6X CX .vbQM- ǳ "`QrMBM@JQiBQM JQ/2H 7Q` i?2 1B;2MpHm2b Q7 
_M/QK Ji`Bt-Ǵ CX Ji?X S?vbX- pQHX j- MQX e- TTX RRNRĜRRN3- RNekX
(9y) JX 1X 6Bb?2`- ǳqHFb- qHHb- q2iiBM;- M/ J2HiBM;-Ǵ CX aiiX S?vbX-
pQHX j9- TTX eedĜdkN- RN39X
(9R) JX EiQ`B- ǳS2`+QHiBQM i`MbBiBQMb M/ r2iiBM; i`MbBiBQMb BM biQ+?biB+
KQ/2Hb-Ǵ "`xX CX S?vbX- pQHX jy- TTX 3jĜNe- kyyyX
(9k) JX EiQ`B M/ >X hM2Km`- ǳa+HBM; HBKBi Q7 pB+BQmb KHFb M/ irQ@
Ki`Bt KQ/2H-Ǵ S?vbX _2pX 1- pQHX ee- TX yRRRy8- kyykX
(9j) JX EiQ`B M/ >X hM2Km`- ǳLQM+QHHB/BM; "`QrMBM JQiBQM M/
.2i2`KBMMiH S`Q+2bb2b-Ǵ CX aiiX S?vbX- pQHX RkN- MQX 8@e- TTX RkjjĜ
Rkdd- kyydX
(99) EX CQ?MbbQM- ǳ.Bb+`2i2 TQHvMm+H2` ;`Qri? M/ /2i2`KBMMiH T`Q@
+2bb2b-Ǵ *QKKmMX Ji?X S?vbX- pQHX k9k- MQX kdd- kyyjX
(98) CX "BF- X "Q`Q/BM- SX .2B7i- M/ hX amB/M- ǳ KQ/2H 7Q` i?2 #mb bvb@
i2K BM *m2`Mp+ UJ2tB+QV-Ǵ CX S?vbX , Ji?X :2MX- pQHX jN- TTX 3Ne8Ĝ
3Nd8- kyyeX
(9e) JX@6X "`m- ǳqBb?`i S`Q+2bb2b-Ǵ CX h?2Q`X S`Q##X- pQHX 9- TTX dk8Ĝd8R-
RNNRX
(9d) qX EƺMB; M/ LX PǶ*QMM2HH- ǳ1B;2MpHm2b Q7 i?2 G;m2``2 T`Q+2bb b
MQM@+QHHB/BM; b[m`2/ "2bb2H T`Q+2bb2b-Ǵ 1H2+iX *QKKX BM S`Q##X- pQHX e-
TTX RydĜRR9- kyyRX
(93) JX EiQ`B M/ >X hM2Km`- ǳavKK2i`v Q7 Ki`Bt@pHm2/ biQ+?biB+
T`Q+2bb2b M/ MQM+QHHB/BM; /BzmbBQM T`iB+H2 bvbi2Kb-Ǵ CX Ji?X S?vbX-
pQHX 98- TTX jy83Ĝjy38- kyy9X
(9N) CX o2`#`b+?Qi M/ AX w?2/- ǳaT2+i`H /2MbBiv Q7 i?2 Z*. .B`+ QT@
2`iQ` M2` x2`Q pB`imHBiv-Ǵ S?vbX _2pX G2iiX- pQHX dy- TTX j38kĜj388-
RNNjX
(8y) CX o2`#`b+?Qi- ǳh?2 bT2+i`mK Q7 i?2 .B`+ QT2`iQ` M2` x2`Q pB`@
imHBiv 7Q` Nc = 2 M/ +?B`H `M/QK Ki`Bt i?2Q`v-Ǵ Lm+HX S?vbX "-
pQHX 9ke- TTX 88NĜ8d9- RNN9X
Rky
(8R) JX EiQ`B M/ >X hM2Km`- ǳLQM+QHHB/BM; a[m`2/ "2bb2H S`Q+2bb2b-Ǵ
CX aiiX S?vbX- pQHX R9k- TTX 8NkĜeR8- kyRRX
(8k) AX .mKBi`Bm M/ X 1/2HKM- ǳJi`Bt KQ/2Hb 7Q` #2i 2Mb2K#H2b-Ǵ CX
Ji?X S?vbX- pQHX 9j- MQX RR- TTX 83jyĜ839d- kyykX
(8j) SX CX 6Q``2bi2`- GQ;@:b2b M/ _M/QK Ji`B+2bX S`BM+2iQM lMBp2`bBiv
S`2bb- kyRyX
(89) aX E`HBM M/ CX J+:`2;Q`- ǳ*QBM+B/2M+2 T`Q##BHBiB2b-Ǵ S+X CX Ji?-
pQHX N- TTX RR9RĜRRe9- RN8NX
(88) "X ǟFb2M/H- aiQ+?biB+ .Bz2`2MiBH 1[miBQMb, M AMi`Q/m+iBQM rBi?
TTHB+iBQMbX aT`BM;2`- kyydX
(8e) *X 6X .mMFH- ǳ.Bz2`2MiBH@.Bz2`2M+2 PT2`iQ`b bbQ+Bi2/ iQ _2~2+iBQM
:`QmTb-Ǵ h`MbX K2`X Ji?X aQ+X- pQHX jRR- MQX R- TTX RedĜR3j- RN3NX
(8d) 6X *HQ;2`Q- ǳaQHmiBQM Q7 i?2 QM2@/BK2MbBQMH L@#Q/v T`Q#H2Kb rBi?
[m/`iB+ M/fQ` BMp2`b2Hv [m/`iB+ TB` TQi2MiBHb-Ǵ CX Ji?X S?vbX-
pQHX Rk- MQX j- TTX 9RNĜ9je- RNdRX
(83) CX JQb2`- ǳh?`22 BMi2;`#H2 >KBHiQMBM bvbi2Kb +QMM2+i2/ rBi?
BbQbT2+i`H /27Q`KiBQMb-Ǵ /pX Ji?X- pQHX Re- MQX k- TTX RNd Ĝ kky-
RNd8X
(8N) hX >X "F2`- *X 6X .mMFH- M/ SX CX 6Q``2bi2`- ǳSQHvMQKBH 2B;2M7mM+@
iBQMb Q7 i?2 *HQ;2`Q@ami?2`HM/@JQb2` KQ/2Hb rBi? 2t+?M;2 i2`Kb-Ǵ
BM *HQ;2`Q@JQb2`@ami?2`HM/ JQ/2Hb UCX pM .B2D2M M/ GX oBM2i-
2/bXV- *_J a2`B2b BM Ji?2KiB+H S?vbB+b- TTX jdĜ8R- aT`BM;2` L2r
uQ`Ff"2`HBM- kyyyX
(ey) JX _ƺbH2`- ǳ:2M2`HBx2/ >2`KBi2 SQHvMQKBHb M/ i?2 >2i 1[miBQM
7Q` .mMFH PT2`iQ`b-Ǵ *QKKX Ji?X S?vbX- pQHX RNk- TTX 8RNĜ89k- RNN3X
(eR) JX _ƺbH2` M/ JX oQBi- ǳJ`FQp T`Q+2bb2b `2Hi2/ rBi? .mMFH QT2`@
iQ`b-Ǵ /pX BM TTX Ji?X- pQHX kR- TTX 8d8Ĝe9j- RNN3X
(ek) _X J?MF2- CX EmTmʈb- M/ AX Gm#b?2pbFv- S?vbB+b Q7 aiQ+?biB+ S`Q@
+2bb2b, >Qr _M/QKM2bb +ib BM hBK2X qAG1u@o*> o2`H; :K#> 
*QX E:- kyyNX
(ej) GX :HH`/Q M/ JX uQ`- ǳaQK2 M2r 2tKTH2b Q7 J`FQp T`Q+2bb2b
r?B+? 2MDQv i?2 iBK2@BMp2`bBQM T`QT2`iv-Ǵ S`Q##BHBiv h?2Q`v M/ _2@
Hi2/ 6B2H/b- pQHX Rjk- MQX R- TTX R8yĜRek- kyy8X
RkR
(e9) LX .2KMB- ǳ ;mB/2/ iQm` BM i?2 rQ`H/ Q7 `/BH .mMFH T`Q+2bb2b-Ǵ
BM >`KQMB+  aiQ+?biB+ MHvbBb Q7 .mMFH S`Q+2bb2b USX :`+xvF-
JX _ƺbH2`- M/ JX uQ`- 2/bXV- >1_JLL Ji?ûKiB[m2b- kyy3X
(e8) hX >X "F2` M/ SX CX 6Q``2bi2`- ǳh?2 *HQ;2`Q@ami?2`HM/ JQ/2H
M/ :2M2`HBx2/ *HbbB+H SQHvMQKBHb-Ǵ *QKKX Ji?X S?vbX- pQHX R33-
TTX Rd8ĜkRe- RNNdX
(ee) *X 6X .mMFH- ǳAMi2;`H F2`M2Hb rBi? `2~2+iBQM ;`QmT BMp`BM+2-Ǵ *MX CX
Ji?X- pQHX 9j- TTX RkRjĜRkkd- RNNRX
(ed) JX JbHQm?B M/ 1X >X uQmbb}- ǳh?2 .mMFH BMi2`irBMBM; QT2`iQ`-Ǵ CX
6mM+iX MHX- pQHX k8e- MQX 3- TTX keNdĜkdyN- kyyNX
(e3) *X 6X .mMFH- ǳ>`KQMB+ TQHvMQKBHb M/ T2F b2ib Q7 `2~2+iBQM ;`QmTb-Ǵ
:2QKX .2/X- pQHX jk- TTX R8dĜRdR- RN3NX
(eN) aX M/`mb- JX EiQ`B- M/ aX JBvb?Bi- ǳAMi2`+iBM; T`iB+H2b QM i?2
HBM2 M/ .mMFH BMi2`irBMBM; QT2`iQ` Q7 ivT2  , TTHB+iBQM iQ i?2
7`22xBM; `2;BK2-Ǵ CX S?vbX , Ji?X h?2Q`X- pQHX 98- MQX jN- TX jN8kyR-
kyRkX
(dy) aX M/`mb- JX EiQ`B- M/ aX JBvb?Bi- ǳhrQ HBKBiBM; `2;BK2b Q7 BM@
i2`+iBM; "2bb2H T`Q+2bb2bXǴ `sBp,RjyNXkdjj- a2Ti2K#2` kyRjX
(dR) JX 62F2i2- ǳɂ#2` /B2 o2`i2BHmM; /2` qm`x2HM #2B ;2rBbb2M H;2#`Bb2?2M
:H2B2?mM;2M KBi ;Mxx?HB;2M EQ2{xB2Mi2M-Ǵ Ji?X wX- pQHX Rd- MQX R-
TTX kk3Ĝk9N- RNkjX
(dk) SX .2B7i- P`i?Q;QMH SQHvMQKBHb M/ _M/QK Ji`B+2b,  _B2KMM@
>BH#2`i TT`Q+?X K2`B+M Ji?2KiB+H aQ+B2iv- kyyyX
(dj) *X 6X .mMFH M/ uX sm- P`i?Q;QMH SQHvMQKBHb Q7 a2p2`H o`B#H2bX
*K#`B/;2 lMBp2`bBiv S`2bb- kyyRX
(d9) JX _ƺbH2` M/ JX oQBi- ǳ.mMFH i?2Q`v- +QMpQHmiBQM H;2#`b- M/ `2@
Hi2/ J`FQp T`Q+2bb2b-Ǵ BM >`KQMB+  aiQ+?biB+ MHvbBb Q7 .mMFH
S`Q+2bb2b USX :`+xvF- JX _ƺbH2`- M/ JX uQ`- 2/bXV- >1_JLL
Ji?ûKiB[m2b- kyy3X
(d8) PX *?v#B`vFQp- GX :HH`/Q- M/ JX uQ`- ǳ.mMFH T`Q+2bb2b M/ i?2B` `@
/BH T`ib `2HiBp2 iQ  `QQi bvbi2K-Ǵ BM >`KQMB+  biQ+?biB+ MHvbBb
Q7 .mMFH T`Q+2bb2b USX :`+xvF- JX _ƺbH2`- M/ JX uQ`- 2/bXV- >1_@
JLL Ji?ûKiB[m2b- kyy3X
Rkk
(de) *X 6X .mMFH- ǳAMi2`irBMBM; QT2`iQ`b bbQ+Bi2/ iQ i?2 ;`QmT aj-Ǵ h`MbX
K2`X Ji?X aQ+X- pQHX j9d- MQX N- TTX jj9dĜjjd9- RNN8X
(dd) JX _ƺbH2`- ǳSQbBiBpBiv Q7 .mMFHǶb BMi2`irBMBM; QT2`iQ`-Ǵ .mF2 Ji?X CX-
pQHX N3- TTX 998Ĝ9ej- RNNNX
(d3) aX SX E?bi;B`- X CX SQ+FHBM;iQM- M/ _X abFB- ǳZmMimK *HQ;2`Q@
JQb2` KQ/2Hb, BMi2;`#BHBiv 7Q` HH `QQi bvbi2Kb-Ǵ CX S?vbX , Ji?X
:2MX- pQHX jj- MQX 9N- TX Nyjj- kyyyX
(dN) X SX SQHv+?`QMFQb- ǳ1t+?M;2 PT2`iQ` 6Q`KHBbK 7Q` AMi2;`#H2
avbi2Kb Q7 S`iB+H2b-Ǵ S?vbX _2pX G2iiX- pQHX eN- TTX dyjĜdy8- m; RNNkX
(3y) X SX SQHv+?`QMFQb- ǳGiiB+2 AMi2;`#H2 avbi2Kb Q7 >H/M2@a?bi`v
hvT2-Ǵ S?vbX _2pX G2iiX- pQHX dy- TTX kjkNĜkjjR- T` RNNjX
(3R) >X 6`?K- ǳaT2+i`mK Q7  bTBM +?BM rBi? BMp2`b2 b[m`2 2t+?M;2-Ǵ CX
S?vbX , Ji?X :2MX- pQHX ke- MQX Ry- TX G9dj- RNNjX
(3k) hX uKKQiQ M/ PX hbm+?Bv- ǳAMi2;`#H2 1/r2 bTBM +?BM rBi? `2~2+i@
BM; 2M/-Ǵ CX S?vbX , Ji?X :2MX- pQHX kN- MQX R9- TX jNdd- RNNeX
(3j) :X ax2;ƺ- P`i?Q;QMH SQHvMQKBHbX K2`B+M Ji?2KiB+H aQ+B2iv-
RNd8X
(39) LX .2KMB- ǳ_/BH /mMFH T`Q+2bb2b, 1tBbi2M+2- mMB[m2M2bb M/ ?BiiBM;
iBK2-Ǵ *X _X +/X a+BX S`Bb- a2`X A- pQHX j9d- MQX RN@ky- TTX RRk8ĜRRk3-
kyyNX
(38) SX 1X S`Qii2`- aiQ+?biB+ AMi2;`iBQM M/ .Bz2`2MiBH 1[miBQMbX
aiQ+?biB+ Q/2HHBM; M/ TTHB2/ S`Q##BHBiv- aT`BM;2`@o2`H;- kyy8X
(3e) hX AMmB- uX hM#2- M/ uX PMQ/2`- :`QmT h?2Q`v M/ Bib TTHB+iBQMb
BM S?vbB+bX aT`BM;2`@o2`H;- RNNeX
(3d) 1X L2HbQM- .vMKB+H h?2Q`B2b Q7 "`QrMBM KQiBQMX S`BM+2iQM lMBp2`@
bBiv S`2bb- RNedX
(33) JX 6`2B/HBM- ǳaQK2 `2K`Fb QM i?2 aKQHm+?QrbFB@E`K2`b TT`QtBK@
iBQM-Ǵ CX aiiX S?vbX- pQHX RRd- TTX eRdĜej9- LQp2K#2` kyy9X
(3N) LX .2KMB- ǳ6B`bi >BiiBM; hBK2 Q7 i?2 "QmM/`v Q7 i?2 q2vH *?K#2`
#v _/BH .mMFH S`Q+2bb2b-Ǵ aA:J- pQHX 9- TX d9- kyy3X
Rkj
(Ny) AX .mKBi`Bm M/ X 1/2HKM- ǳ1B;2MpHm2b Q7 >2`KBi2 M/ G;m2``2
2Mb2K#H2b, H`;2 #2i bvKTiQiB+b-Ǵ MMX AX >X SQBM+`2 "- pQHX 9R-
TTX Ry3jĜRyNN- kyy8X
(NR) AX E`ixb M/ aX 1X a?2`2p2- "`QrMBM JQiBQM M/ aiQ+?biB+ *H+mHmbX
aT`BM;2`- k 2/X- RNNRX
(Nk) AX :X J+/QMH/- avKK2i`B+ 6mM+iBQMb M/ >HH SQHvMQKBHbX Pt7Q`/
lMBp2`bBiv S`2bb- RNN8X
(Nj) hX >X "F2` M/ SX CX 6Q``2bi2`- ǳh?2 *HQ;2`Q@ami?2`HM/ KQ/2H M/
TQHvMQKBHb rBi? T`2b+`B#2/ bvKK2i`v-Ǵ Lm+HX S?vbX "- pQHX 9Nk- MQX j-
TTX e3k Ĝ dRe- RNNdX
(N9) _X SX aiMH2v- ǳaQK2 +QK#BMiQ`BH T`QT2`iB2b Q7 C+F bvKK2i`B+ 7mM+@
iBQMb-Ǵ /pX Ji?X- pQHX dd- TTX deĜRR8- RN3NX
(N8) qX 6mHiQM- uQmM; h#H2mt, rBi? TTHB+iBQMb iQ _2T`2b2MiiBQM h?2Q`v
M/ :2QK2i`vX *K#`B/;2 lMBp2`bBiv S`2bb- RNNdX
(Ne) qX 62HH2`- M AMi`Q/m+iBQM iQ S`Q##BHBiv h?2Q`v M/ Aib TTHB+iBQMbX
qBH2v- RNe3X
(Nd) JX /2 C2m- ǳSH2v@qB2M2` i?2Q`2Kb 7Q` i?2 .mMFH i`Mb7Q`K-Ǵ h`MbX
K2`X Ji?X aQ+X- pQHX j83- MQX Ry- TTX 9kk8Ĝ9k8y- kyyeX
Rk9
